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MATRICES  
 

 

UNIT STRUCTURE   

1.0    Objectives 

1.1    Introduction 
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1.0 OBJECTIVES  

 

In this chapter a student has to learn the  

¶ Concept of adjoint of a matrix. 

¶ Inverse of a matrix. 

¶ Rank of a matrix and methods finding these. 

 

1.1 INTRODUCTION  

 

At higher secondary level, we have studied the definition of a matrix, 

operations on the matrices, types of matrices inverse of a matrix etc.  

 

In this chapter, we are studying adjoint method of finding the inverse of a 

square matrix and also the rank of a matrix. 

 

1.2 DEFINITIONS  

 

1) Definitions:- A system of m n³  numbers arranged in the form of 

an ordered set of m horizontal lines called rows & n vertical lines called 

columns is called an m n³   matrix. 

 

The matrix of order m n³   is written as 
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11 12 13 1j 1n

21 22 23 2 j 2n

i1 i2 i3 ij in

m1 m2 m3 mj mn n n

a a a a a

a a a a a

....... ..... ....... ..... .....

a a a a a

a a a a a

  

³

è ø
é ù
é ù
é ù
é ù
é ù
é ù
ê ú

 

 

Note:    
       

i)  Matrices are generally denoted by capital letters. 

ii)  The elements are generally denoted by corresponding small letters. 

 

Types of Matrices: 

 

1) Rectangular matrix  :-  

 

Any mxn Matrix where m ņ is called rectangular matrix.  

 

For e.g

  

2 3

2     3      4

1      2      3
³  

 

2) Column Matrix :  

 

It is a matrix in which there is only one column.  

 

3 1

1

x 2

4
³

è ø
é ù
=
é ù
é ùê ú

 

 

3) Row  Matrix :  

 

It is a  matrix in which there is only one row. 

 

[ ]
1 3

x 5 7 9
³

=  

 

4) Square Matrix : 

 

 It is a matrix in which number of rows equals the number of 

columns.  

 

i.e its order is n x n. 
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e.g. 

 

2 2

2 3
  A

4 6
³

è ø
=é ù
ê ú

 

 

5) Diagonal Matrix:  

 

It is a square matrix in which all non-diagonal elements are zero. 

 

e.g. 

3 3

2 0 0

 A 0 1 0

0 0 0
³

è ø
é ù
=
é ù
é ùê ú

 

 

 

6) Scalar Matrix:  

 

It is a square diagonal matrix in which all diagonal elements are equal. 

 

e.g. 

 

3 3

5 0 0

A 0 5 0

0 0 5
³

è ø
é ù
=
é ù
é ùê ú

 

 

 

7) Unit   Matrix:  

 

It is a scalar   matrix with diagonal elements as unity.  

 

e.g. 

 

3 3

1 0 0

A 0 1 0

0 0 1
³

è ø
é ù
=
é ù
é ùê ú

 

 

8) Upper Triangular   Matrix:  

 

It is a square matrix in which all the elements below the principle diagonal 

are zero.  
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e.g. 

 

3 3

1 3 0

 A 0 0 1

0 0 5
³

è ø
é ù
=
é ù
é ùê ú

 

 

9) Lower Triangular   Matrix:  

 

It is a square matrix in which all the elements above  the principle 

diagonal are zero. 

 

e.g. 

3 3

0 0 0

A  3 4 0

1 3 2
³

è ø
é ù

=
é ù
é ù-ê ú

 

 

10) Transpose of   Matrix: 

 

It is a matrix obtained by interchanging rows into columns or columns into 

rows. 

 

2 3

1   3   5 
A  

3   7   9 
³

è ø
=é ù
ê ú

 

 

3 2

1    3 

  A 3    7  

5    9

TA Transpose of

³

è ø
é ù

= =
é ù
é ùê ú

 

 

11)  Symmetric Matrix:  

 

If for a square matrix A,

 

 A  TA = then A is symmetric 

 

1 3 5

A 3 4 1

5 1 9

è ø
é ù
=
é ù
é ùê ú

 

 

12)  Skew Symmeric  Matrix : 

 

If for a  square   matrix A,

 

 A  TA =  then it is skew -symmetric matrix. 
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0 5 7

5 0 3

7 3 0

A

è ø
é ù
= -
é ù
é ù- -ê ú

 

 

Note : For a skew Symmetric matrix, diagonal elements are zero. 

 

Determinant of a Matrix:  

 

Let A be a square matrix then 

 

 A = determinant of  A  i.e det A= A 

 

If (i) then  0A ¸ matrix  A is called as non-singular and   

If (i) then   0,A= matrix  A is singular. 

 

Note : for non-singular matrix A-1 exists. 

 

a) Minor of an element :  

 

Consider a square matrix A of order n 

 

Let  

ij n n
A = a

³
è øê ú 

 

The matrix is also can be written as  

 

11 12 13 1n

21 22 23 2n

n1 n2 n3 nn

a a a a

a a a a

A = 

a a a a

- - -è ø
é ù

- - -
é ù
é ù- - - - - - -
é ù
- - - - - - -é ù
é ù- - -ê ú

 

 

Minor of an element ija  is a determinant of order (nd) by deleting the 

elements of the matrix A, which are in 6th row and 5th column of A. 

 

E.g. Consider, 

 

11 12 13

21 22 23

31 32 33

a a a

A = a a a

a a a

è ø
é ù
é ù
é ùê ú

 

 

M 11 = Minor of an element  a 11 
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22 23

32 33

a a
A = 

a a

è ø
é ù
ê ú

 

 

II y  

21 22

12

31 33

a a
M   = 

a a

è ø
é ù
ê ú

 

 

E.g.  

 

(ii)  Let,  

 

2 5 8

A = 1 3 2

0 4 6

è ø
é ù
é ù
é ùê ú

 

 

11 12 13

3 2 1 2 1 3
M   =  , M   =  , M   = 

4 6 0 6 0 4

è ø è ø è ø
é ù é ù é ù
ê ú ê ú ê ú

 

 

21 12 23

5 8 2 8 2 5
M   =  , M   =  , M   = 

4 6 0 6 0 4

è ø è ø è ø
é ù é ù é ù
ê ú ê ú ê ú

 

 

(b) Cofactor of an element :-
 
 

 

If A = ijaè øê ú  is a square matrix of order n and ija  denotes cofactor of the 

element ija . 

 

( )
i j

ij ijC  = 1  . M
+

-  Where ij M  is minor of ija . 

 

If 

1 1 1

2 2 2

3 3 3

a b c

A = a b c

a b c

è ø
é ù
é ù
é ù
ê ú

  

1A  = The cofactor of 1 1

1A  =(-1)+   
2 2

3 3

b c

b c  

1B  =The cofactor of  1 2

1b  =(-1)+  
2 2

3 3

a c

a c
 

 

1C  =The cofactor of 1 3

1b  =(-1)+  
2 2

3 3

a b

a b
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E.g. Consider,  

 

1 3 4

A = 0 2 1

3 7 6

è ø
é ù
é ù
é ùê ú

 

( ) ( )
1 1 1 2

11 11 12

0 1
c  = 1 M  c        = 1

3 6

+ +
- -  

( ) ( ) ( )
1 1 32 1

=   1 .         =   1   0 3
7 6

+
- - ³ - 

( ) ( ) ( )
1 1 32 1

=   1 .         =   1   0 3
7 6

+
- - ³ - 

() ( ) ( ) ( )=   1   12 7        =   1   3³ - - ³ - 

() ( ) ( ) ( )=   1   12 7        =   1   3³ - - ³ - 

= 5       =   3  
 

 (C) Cofactor Matrix : - 

 

A matrix C = 
ijC  è øê ú where ijC  denotes cofactor of the element ija . 

Of a matrix A of order nxn, is called a cofactor matrix. 

  

In above matrix A, cofactor matrix is  

 

5 3 6

C = 10 6 9

3 1 2

-è ø
é ù

-
é ù
é ù- -ê ú

 

 
1 1 1

2 2 2

3 3 3

A B C

C = A B C

A B C

è ø
é ù

\ é ù
é ù
ê ú

 

 

Similarly for a matrix, A = 
1 2

3 9

è ø
é ù
ê ú

 the cofactor matrix is c= 
4 3

2 1

-è ø
é ù
-ê ú

 

 

(d) Adjoint of  Matrix : -
   

If A is any square matrix then transpose of its cofactor matrix is called 

Adjoint of A. 
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Thus in the notations used,  

 

Adjoint of  TA C=  
 

1 1 1

2 2 2

3 3 3

A B C

Adj A = A B C

A B C

è ø
é ù

Ý é ù
é ù
ê ú

 

 

Adjoint of a matrix A is denoted as Adj.A 

 

Thus if,  

 

1 3 4

A = 0 2 1

3 7 6

è ø
é ù
é ù
é ùê ú

 than Adj. 

5 10 3

A = 3 6 1

6 9 2

-è ø
é ù

- -
é ù
é ù-ê ú

 

 

 

Note :  

 

If  
2×2

a b
A = 

c d

è ø
é ù
ê ú

 than  Adj . 
d -b

A = 
-c a

è ø
é ù
ê ú

 

 

(d) Inverse of a square Matrix: -
   

Two non-singular square matrices of order n A and B are said to be 

inverse of each other if, 

 

AB=BA=I, where I is an identity matrix of order n. 

 

Inverse of A is denoted as A-1 and read as A inverse. 

 

Thus  

AA -1=A-1A=I 

 

Inverse of a matrix can also be calculated by the Formula. 

 

A-1 = 
1

A
 Adj.A where A  denotes determinant of A. 

 

Note:- From this relation it is clear that  A-1  exist if and only if A 0̧  i.e 

A is non singular matrix. 

 

1.3 ILLUSTRATIVE EXA MPLES 
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Example 1: Find the inverse of the matrix by finding its adjoint   

 

2      1       3 

3      1       2

1       2      3

A

è ø
é ù
=
é ù
é ùê ú

 

 

Solution:   We have, 

 

( ) ( ) ( )2 3 4 1 9 2 3 6 1A= - - - + - 

2 7 15=- - + 

6A=  

0A¸  

1A-  exists 

 

Transpose of matrix A=A1 

 

1

2        3      1

    A 1        1       2

3       2       3

è ø
é ù

\ =
é ù
é ùê ú

 

  

We find co-factors of the elements of A1 (Row-wise) 

 

() () ()

() () ()

() () ()

. . 2 1, . . 3   3, . . 1 1

  . . 1 7, . . 1   3, . . 2 5

. . 3 5, . . 2 3, . . 3 1

C F C F C F

C F C F C F

C F C F C F

=- = =-

\ =- = =-

= =- =-

 

()

1        3      -1

   adj  A 7        3      -5

  5       -3      -1

-è ø
é ù

\ = -
é ù
é ùê ú

 
-1

1        3      -1
1 1

   A   adj (A)     7        3      -5
6

  5       -3      -1
A

-è ø
é ù

\ = = -
é ù
é ùê ú

 

 

Example 2: Find the inverse of matrix A by Adjoint method, if  

 

0 1 2

A = 1 2 3

3 1 1

è ø
é ù
é ù
é ùê ú
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Solution:  Consider 

 

0 1 2

A  = 1 2 3

3 1 1

è ø
é ù
é ù
é ùê ú

 

( ) ( ) ( )= 0 1 1 8 2 5- - - + - 

= 0 8 10+ -  

= 2-  
 

Co factor of the elements of A are as follows 

 

( )
1 1

11

2 3
C  = 1 . 1

1 1

+
- =- 

( )
1 2

12

1 3
C  = 1 . 8

3 1

+
- = 

( )
1 3

13

1 2
C  = 1 . 5

3 1

+
- =- 

( )
2 1

21

1 2
C  = 1 . 1

1 1

+
- = 

( )
2 2

22

0 2
C  = 1 . 6

3 1

+
- =- 

( )
2 3

23

0 1
C  = 1 . 3

3 1

+
- = 

( )
3 1

31

1 2
C  = 1 . 1

2 3

+
- =- 

( )
3 2

32

0 2
C  = 1 . 2

1 3

+
- = 

( )
3 3

33

0 1
C  = 1 . 1

1 2

+
- =- 

 

Thus, 

Cofactor of matrix

1 8 5

C = 1 6 3

1 2 1

- -è ø
é ù

-
é ù
é ù-ê ú

 

 

And Adjoint of A= C1 
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1

1 1 1 1 1 1
1

= 8 6 2 A 8 6 2
2

5 3 1 5 3 1

-

- - - -è ø è ø
é ù é ù

- Ý =- -
é ù é ù
é ù é ù- -ê ú ê ú

 

 

Note:- A Rectangular matrix does not process inverse. 

  

Properties of Inverse of Matrix:- 

i)  The inverse of a matrix is unique i.e 

ii)  The inverse of the transpose of a matrix is the transpose of inverse 

i.e. 
T 1 1 T(A ) (A )- -=  

iii)  If A & B are two non-singular matrices of the same order   

  

1 1 1(AB) B A- - -=

 

 

 

This property is called reversal law. 

 

Definition: -Orthogonal matrix.: -  
 

 If a square matrix it satisfies the relation TAA I= then the matrix A 

is called an orthogonal matrix. &  

 

 

T 1A A-=  
 

Example 3:  

 

show that
Cosɗ Cosɗ

 A = 
Sinɗ Cosɗ

è ø
é ù
ê ú

 

is orthogonal matrix.

  

Solution:  

 

To show that A is orthogonal i.e To show that TAA I=  

 

Cos Sin
A = 

Sin Cos

q q

q q

è ø
é ù
-ê ú

   

T
Cos Sin

A  = 
Sin Cos

è ø
é ù
-ê ú

q q

q q
 

 

T
Cos Sin Cos Sin

AA  = 
Sin Cos Sin Cos

-è øè ø
é ùé ù
-ê úê ú

q q q q

q q q q
 

2 2

2 2

Cos Sin Cos Sin Sin Cos
 

Sin Cos Cos Sin Sin Cos

è ø+ - +
=é ù
- + +ê ú

q q q q q q

q q q q q q
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1 0
= I

0 1

è ø
=é ù

ê ú
 

 

\ A is an orthogonal matrix. 

 

 

Check Your Progress: 

 

Q. 1) Find the inverse of the following matrices using Adjoint method, if 

they exist. 

 

i) 
1 2

,
2 2-

    ii) 
2 3

,
4 1-

      iii) 
cos sin

,
sin cos

-q q

q q
 

 

iv) 

1 3 2

3 0 5 ,

2 5 0

-

- -  v) 

cos sin 0

sin cos 0 ,

0 0 1

-q q

q q    vi) 

1 2 3

2 3 1

3 1 2

-

-

-

  

 

vii) 

1 1 1

1 2 3

2 1 3

-

-

 

Q.3) I f A = 
cos sin

,
sin cos

-q q

q q
 B = 

1 tan
2

,

tan 1
2

-
q

q
C=

1 tan
2

,

tan 1
2

-

q

q
, 

prove that A= B.C-1 

Q. 4) I f 

4 3 3

A = 1 0 1

4 4 3

- - -è ø
é ù
é ù
é ùê ú

, prove that Adj. A= A 

 

Q. 5) I f 

1 2 1

A = 0 1 1

1 1 2

è ø
é ù
é ù
é ùê ú

, verify if (Adj.A)1= (Adj.A1)  

Q.6) Find the inverse of 

1 2 1

A = 0 1 1

2 2 3

-è ø
é ù

-
é ù
é ùê ú

, hence find inverse of  

3 6 3

A = 0 3 3

6 6 9

-è ø
é ù

-
é ù
é ùê ú
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1.4 RANK OF A MATRIX  

 

a) Minor of  a matrix  

 

 Let A be any given matrix of order mxn. The determinant of any  

submatrix of a square order is called minor of the matrix A. 

 

 We observe that, if órô denotes the order of a minor of a matrix of 

order mxn then 1 r m¢ ¢ if m<n and 1 r n¢ ¢if n<m. 

 

e.g. Let  

 

1 3 1 4

A = 4 0 1 7

8 5 4 3

-è ø
é ù
é ù
é ù-ê ú

 

 

The determinants  

 

1 3 1 3 1 4 1 1 4

4 0 1 ,  0 1 7 ,  4 1 7 ,  

8 5 4 5 4 3 8 4 3

- - -è ø è ø è ø
é ù é ù é ù
é ù é ù é ù
é ù é ù é ù- -ê ú ê ú ê ú

  

1 3 0 1 3 4
,  ,  ,  1 ,  0 ,  3 ,

4 0 5 4 0 7
-

  

Are some examples of minors of A. 

 

b) Definition ï Rank of a matrix: 

 

 

 A number órô is called  rank of a matrix of order mxn if there is 

almost one minor of the matrix which is of order r whose value is non-zero 

and all  the minors of order greater than órô will be zero.  

 

e.g.(i) Let  

 

1 0 2

A = 2 4 1

3 5 7

è ø
é ù
é ù
é ùê ú

 



14 
 

 

Consider e.g. Let   

 

1 2

1 0 0 2
A  = 4,  A  = 8

2 4 4 1
= =-

 

etc. 

( ) ( )3

1 0 2

A  = 2 4 1 1 23 2 2 19 0

3 5 7

è ø
é ù

= + - = ¸
é ù
é ùê ú

 

 

\ Rank of A= 3 

 

 (ii)  

1 1 2

A = 1 2 3

0 1 1

è ø
é ù
é ù
é ù- -ê ú 

 

Here,  

() ( ) ( )1

1 1 2

A  = 1 2 3 1 1 1 1 2 1 0

0 1 1

é ù
é ù

= - - + - =
é ù
é ù- -ê ú

 

2

1 1
A  = 1 0

1 2
= ¸ 

 

Thus minor of order 3 is zero and atleast one minor of order 2 is non-zero 

\Rank of A = 2. 

 

Some results:  

(i) Rank of null matrix is always zero. 

(ii)  Rank of any non-zero matrix is always greater than or equal to 1. 

(iii)  If A is any mxn non-zero matrix then Rank of A is always equal to 

rank of A. 

(iv) Rank of transpose of matrix A is always equal to rank of A. 

(v) Rank of product of two matrices cannot exceed the rank of both of 

the matrices.  

(vi) Rank of a matrix remains unleasted by elementary 

transformations.  

 

Elementary Transformations:  

 

Following changes made in the elements of any matrix are called 

elementary transactions. 

(i)   Interchanging any two rows (or columns) . 

(ii)   Multiplying all the elements of any row (or column) by a non-zero 

real number. 
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(iii)  Adding non-zero scalar multitudes of all the elements of any row 

(or columns) into the corresponding elements of any another row (or 

column). 

 

 

 

Definition: - Equivalent Matrix:  

 

 Two matrices A & B are said to be equivalent if one can be 

obtained from the other by a sequence of elementary transformations. Two 

equivalent matrices have the same order & the same rank. It can be 

denoted by  

  

[it can be read as A equivalent to B] 

 

Example 4: Determine the rank of the matrix. 

 

1 2 3

A = 1 4 2

2 6 5

è ø
é ù
é ù
é ùê ú

 

 

Solution: 

 

Given 

1 2 3

= 1 4 2

2 6 5

A 

è ø
é ù
é ù
é ùê ú

 

2 2 1 3 3 1R R - R    &  R R - 2RÝ Ý  

1 2 3

0 2 1

0 2 1

è ø
é ù

-
é ù
é ù-ê ú

 

 

Here two column are Identical . hence 3
rd

 order minor of A vanished 

Hence 2
nd

 order minor 
1 3

1 0
0 1

  
è ø

=- ¸é ù
-ê ú

 

e(A) 2\ =  

 

Hence the rank of the given matrix is 2. 

 

1.5 CANONICAL FORM OR NO RMAL FORM  
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If a matrix A of order mxn is reduced to the form 
rI o

o o

è ø
é ù
ê ú

using a 

sequence of elementary transformations then it called canonical or normal 

form. Ir denotes identity matrix of order órô . 

 

 

 

 

 

Note:-  
 

 If any given matrix of order mxn can be reduced to the canonical 

form which includes an identity matrix of order órô then the matrix is of 

rank órô. 

 

e.g. (1) Consider  

 

Example 5: Determine rank of the matrix. A if 

 

2 1 3 6

A = 3 3 1 2

1 1 1 2

- -è ø
é ù
-

é ù
é ùê ú

 

 

Solution: 

 

2 1 3 6

A = 3 3 1 2

1 1 1 2

- -è ø
é ù
-

é ù
é ùê ú

 

1 3R  Rª  

1 1 1 2

3 3 1 2

2 1 3 6

è ø
é ù
-

é ù
é ù-ê ú

 

2 1 3 1R 3R ,  R 2R- -  

1 1 1 2

3 6 2 4

0 1 5 10

è ø
é ù
- - -

é ù
é ù- - -ê ú

 

2 3R 7R-  

1 1 1 2

0 1 33 66

0 1 5 10

è ø
é ù
é ù
é ù- - -ê ú
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1 2 3 2R R ,  R R- +  

1 0 32 64

0 1 33 66

0 0 28 56

- -è ø
é ù
é ù
é ù-ê ú

 

3

1
R

28
³  

1 0 32 64

0 1 33 66

0 0 1 2

- -è ø
é ù
é ù
é ù-ê ú

 

1 3 2 3R  32 R ,   R  33 R+ -  

1 0 0 0

0 1 0 0

0 0 1 0

è ø
é ù
é ù
é ùê ú

 

[ ]3I o  

\ Rank of A=3 

 

Example 6: Determine the rank of matrix  

 

1 2 7

A = 2 4 7

3 6 10

è ø
é ù
é ù
é ùê ú 

Solution: 

 

1 2 3

A = 2 4 7

3 6 10

è ø
é ù
é ù
é ùê ú

 

2 1 3 1R 2R ,  R 3R- -  

1 2 3

2 4 7

3 6 10

è ø
é ù
é ù
é ùê ú

 

3 2R R-  

1 2 3

0 0 1

0 0 0

è ø
é ù
é ù
é ùê ú

 

1 2R 3R-  
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1 2 0

0 0 1

0 0 0

è ø
é ù
é ù
é ùê ú

 

2 1C 2C-  

1 0 0

0 0 1

0 0 0

è ø
é ù
é ù
é ùê ú

 

1 3C Cª  

1 0 0

0 1 0

0 0 0

è ø
é ù
é ù
é ùê ú

 

[ ]2I 0  

\ Rank of A= 2 

 

Example 7:  Determine the rank of matrix A if  

 

1 1 2 4

2 3 1 1
A =

3 1 3 2

6 3 0 7

- - -è ø
é ù

- -
é ù
é ù-
é ù

-ê ú 

Solution: 

 

1 1 2 4

2 3 1 1
A =

3 1 3 2

6 3 0 7

- - -è ø
é ù

- -
é ù
é ù-
é ù

-ê ú

 

2 1 3 1 4 1R 2R ,  R 3R ,  R 6R ,- - -  

1 1 2 4

0 5 3 7

0 4 9 10

0 9 12 17

- - -è ø
é ù
é ù
é ù
é ù
ê ú

 

2 3R R-  
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1 1 2 4

0 1 6 3

0 4 9 10

0 9 12 17

- - -è ø
é ù

- -
é ù
é ù
é ù
ê ú

 

1 2 3 2 4 2R + R ,  R 4R ,  R 9R- -  

1 0 8 7

0 1 6 3

0 0 33 22

0 0 66 44

- -è ø
é ù

- -
é ù
é ù
é ù
ê ú

 

4 3R 2R-  

1 0 8 7

0 1 6 3

0 0 33 22

0 0 0 0

- -è ø
é ù

- -
é ù
é ù
é ù
ê ú

 

3

1
R  

11
³  

1 0 8 7

0 1 6 2

0 0 3 2

0 0 0 0

- -è ø
é ù

- -
é ù
é ù
é ù
ê ú

 

3 4C - C  

1 0 1 7

0 1 3 3

0 0 1 2

0 0 0 0

- -è ø
é ù

- -
é ù
é ù
é ù
ê ú

 

1 3 2 3R + R ,  R 3R+  

1 0 0 5

0 1 0 3

0 0 1 2

0 0 0 0

-è ø
é ù
é ù
é ù
é ù
ê ú

 

( )4 1 2 2C - 5C 3C 2C+ +  

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0

è ø
é ù
é ù
é ù
é ù
ê ú
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3I 0

0 0

è ø
é ù
ê ú

 

\ Rank of A= 3 

 

Check Your Progress:- 

 

Reduce the following to normal form and hence find the ranks of the 

matrices. 

i)  
1 2 3

3 1 2

è ø
é ù
ê ú

   ii)  

2 3 4

4 3 1

1 2 4

  iii)  

3 4 6

5 5 7

3 1 4

-

-

-

 

iv)  

1 2 3 0

2 4 3 2

3 2 1 3

6 8 7 5

   v)   

2 1 3 6

3 3 1 1

1 1 1 2

- -

-   vi) 

1 2 1 0

3 2 1 2

2 1 2 5

5 6 3 2

1 3 1 3

-

- -

 

vii)   

2 6 2 6 10

3 3 3 3 3

1 2 4 3 5

2 0 4 6 10

1 0 2 3 5

-

- - - -

-    viii)  

3 4 5 6 7

4 5 6 7 8

5 6 7 8 9

10 11 12 13 14

15 16 17 18 19

 

 

1.6  NORMAL FORM PAQ  

 

If  A is any mxn matrix órô then there exist non singular matrices P and Q 

such that, 

 

rI 0
PAQ

0 0

è ø
=é ù

ê ú
 

 

We observe that, the matrix A can be expressed as 

 

A = Im In éééé(i) 

 

Where Im In are the identity matrices of order m and n respectively. 

Applying  the elementary transformations on this equation. A in L.H.S. 

can be reduced to normal form. The equation can be transformal into the 

equations. 

 

rI 0
PAQ

0 0

è ø
=é ù

ê ú
éééé(ii) 
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Note that, the row operations can be performed simultaneously on L.H.S. 

and prefactor (i.e. Im in equation (i)) and column operations can be 

performed simultaneously on L.H.S. and post factor in R.H.S. i.e. [(In in 

eqn (i)] 

 

 

 

Examples 8: Find the non-singular matrices P and Q such that PAQ is in 

normal and hence find the rank of A. 

 

i) 

2 1 3

A 3 4 1

1 5 4

-è ø
é ù
= -
é ù
é ù-ê ú

 

 

Solution:  Consider  

 

A= I3 AI 3 

2 1 3 1 0 0 1 0 0

3 4 1  = 0 1 0  A 0 1 0

1 5 4 0 0 1 0 0 1

-è ø è ø è ø
é ù é ù é ù

-
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

1 3R  Rª  

1 5 4 0 0 1 1 0 0

3 4 1 = 0 1 0  A 0 1 0

2 1 3 1 0 0 0 0 1

-è ø è ø è ø
é ù é ù é ù

-
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

2 3 1C 5C ,  C 4C- +  

1 0 0 0 0 1 1 5 4

3 11 11  = 0 1 0  A 0 1 0

2 11 11 1 0 0 0 0 1

-è ø è ø è ø
é ù é ù é ù
- -

é ù é ù é ù
é ù é ù é ù- -ê ú ê ú ê ú

 

2 3R  R-  

1 0 0 0 0 1 1 5 4

1 0 0 = 1 1 0  A 0 1 0

2 11 11 1 0 0 0 0 1

-è ø è ø è ø
é ù é ù é ù

-
é ù é ù é ù
é ù é ù é ù- -ê ú ê ú ê ú

 

2 1 3 1 R  R ,  R  2R ,- -  

1 0 0 0 0 1 1 5 4

0 0 0  = 1 1 1  A 0 1 0

0 11 11 1 0 2 0 0 1

-è ø è ø è ø
é ù é ù é ù

- -
é ù é ù é ù
é ù é ù é ù- -ê ú ê ú ê ú

 

3 2C  C+  
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1 0 0 0 0 1 1 5 1

0 0 0 = 1 1 1  A 0 1 1

0 11 0 1 0 2 0 0 1

- -è ø è ø è ø
é ù é ù é ù

- -
é ù é ù é ù
é ù é ù é ù- -ê ú ê ú ê ú

 

3

1
 R  ,

11
³  

1 0 0 0 0 1 1 5 1

0 0 0  = 1 1 1  A 0 1 1

0 1 0 1 2 0 0 10
11 11

è ø - -è ø è ø
é ù

é ù é ù
é ù- -

é ù é ù
é ù

é ù é ù-ê ú ê úé ùê ú

 

2 3R  Rª  

0 0 11 0 0 1 5 1

1 20 1 0 = 0  A 0 1 1
11 11

0 0 0 0 0 11 1 1

è ø - -è ø è ø
é ùé ù é ù-
é ùé ù é ù
é ùé ù é ùê ú ê ú- -ê ú

 

 

 
 

Thus  

 

0 0 1
11 2P =  0     P  = 

11 11 11
1 1 1

è ø
é ù -- Dé ù
é ù
- -ê ú

 

1 5 1

Q =    0 1 1           Q  = 1

0 0 1

- -è ø
é ù

D
é ù
é ùê ú

 

 

P and Q are non-singular matrices 

Also Rank of A = 2 

 

ii)  

2 1 3 6

A 3 3 1 2

1 1 1 2

- -è ø
é ù
= -
é ù
é ùê ú

 

 

Solutions: 

 

Consider 

1 0 0 0
1 0 0

0 1 0 0
A= 0 1 0  A 

0 0 1 0
0 0 1

0 0 0 1

è ø
è ø é ù
é ù é ù
é ù é ù
é ù é ùê ú

ê ú
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1 0 0 0
2 1 3 6 1 0 0

0 1 0 0
3 3 1 2   0 1 0  A 

0 0 1 0
1 1 1 2 0 0 1

0 0 0 1

è ø
- -è ø è øé ù

é ù é ùé ù- =
é ù é ùé ù
é ù é ùé ùê ú ê ú

ê ú

 

1 3R Rª  

1 0 0 0
1 1 1 2 0 0 1

0 1 0 0
3 6 2 4  0 1 0  A

0 0 1 0
2 1 5 10 1 0 0

0 0 0 1

è ø
è ø è øé ù
é ù é ùé ù- - - =
é ù é ùé ù
é ù é ù- - - é ùê ú ê ú

ê ú

 

2 1 3 1 4 1C C ,   C C ,  C 2C- - -  

1 1 1 2
1 0 0 0 0 0 1

0 1 0 0
3 6 2 4   0 1 0   A

0 0 1 0
2 1 5 10 1 0 0

0 0 0 1

- - -è ø
è ø è øé ù
é ù é ùé ù- - - =
é ù é ùé ù
é ù é ù- - - é ùê ú ê ú

ê ú

 

2 1 3 1R 3R ,  R 2R- -  

1 1 1 2
1 0 0 0 0 0 1

0 1 0 0
0 6 2 4  0 1 3   A

0 0 1 0
0 1 5 10 1 0 2

0 0 0 1

- - -è ø
è ø è øé ù
é ù é ùé ù- - - = -
é ù é ùé ù
é ù é ù- - - - é ùê ú ê ú

ê ú

 

2 3R 6R ,-  

1 1 1 2
1 0 0 0 0 0 1

0 1 0 0
0 0 28 56   6 1 9  A

0 0 1 0
0 1 5 10 1 0 2

0 0 0 1

- - -è ø
è ø è øé ù
é ù é ùé ù=
é ù é ùé ù
é ù é ù- - - - é ùê ú ê ú

ê ú

 

4 3C 2C-  

1 1 1 0
1 0 0 0 0 0 1

0 1 0 0
0 0 28 0 6 1 9  A 

0 0 1 2
0 1 5 0 1 0 2

0 0 0 1

- -è ø
è ø è øé ù
é ù é ùé ù= -
é ù é ùé ù-
é ù é ù- - - é ùê ú ê ú

ê ú

 

3 2C 5C-  

1 1 4 0
1 0 0 0 0 0 1

0 1 5 0
0 0 28 0  6 1 9  A 

0 0 1 2
0 1 0 0 1 0 2

0 0 0 1

-è ø
è ø è øé ù

-é ù é ùé ù= -
é ù é ùé ù-
é ù é ù- - é ùê ú ê ú

ê ú

 

( )2 3

1
R ,   R  1

28
³ ³ - 
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1 1 4 0
0 0 11 0 0 0

0 1 5 0
3 910 0 1 0  A 
14 28 28 0 0 1 2

0 1 0 0 1 0 2
0 0 0 1

-è ø
è øè ø é ù
é ù -é ù é ù=é ùé ù é ù-é ùé ù é ùê ú - -ê ú

ê ú

 

2 3R Rª  

1 1 4 0
1 0 0 0 0 0 1

0 1 5 0
0 1 0 0  1 0 2  A 

0 0 1 2
0 0 1 0 3 91

0 0 0 114 28 28

-è øè ø
è ø é ùé ù -é ù é ùé ù= -
é ù é ù-é ù
é ù é ùê úé ùê ú ê ú

 

 

[ ]3

1 1 4 0
0 0 1

0 1 5 0
I 0     =  1 0 2 A 

0 0 1 2
3 91

0 0 0 114 28 28

-è øè ø
é ùé ù -
é ùé ù
é ù-é ù
é ùé ùê úê ú

 

0 0 1
1

 P   =   1 0 2 ,  P
28

3 91
14 28 28

è ø
é ù
é ù\ =
é ù
é ùê ú

 

 

1 1 4 0

0 1 5 0
Q   =   , Q 1

0 0 1 2

0 0 0 1

-è ø
é ù

-
é ù =
é ù-
é ù
ê ú

 

 

\ P&Q are non singular. 

 

Also,  

 

Rank of A = 3. 

 

Check Your Progress:  

 

A) Find the non-singular matrices P and Q such that PAQ is in normal 

form and hence find rank of matrix A. 

 

 i)  

1 0 2

2 3 4  

3 3 6

-è ø
é ù

-
é ù
é ù-ê ú

 ii)   

1 2 3 2

2 3 5 1  

1 3 4 5

è ø
é ù
é ù
é ùê ú

  iii)

3 1 1

1 1 1

1 1 1

è ø
é ù
é ù
é ù-ê ú
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 iv) 

2 3 4 7

3 4 7 9  

5 4 6 5

è ø
é ù
- -
é ù
é ù-ê ú

 (v) 

1 3 5 7

4 6 8 10

15 27 39 51

6 12 18 24

è ø
é ù
é ù
é ù
é ù
ê ú

 

 

 

1.7 LET US SUM UP 

 

¶ Definition of matrix & its types. 

¶ Using Adjoint method to find the 1A-   by  

 using formula 1 1
A adjA

A

- =  

¶ Rank of the matrix using row & column transformation 

¶ Using canonical & normal form to find Rank of matrix. 

 

1.8  UNIT END EXERCISE 

 

1)  Find the inverse of matrix 

1 2 3

4 5 6

7 8 9

A

è ø
é ù
=
é ù
é ùê ú

  if exists. 

 

ii)  Find Adjoint of Matrix 

1 1 1

0 2 1

2 1 1

A

-è ø
é ù
=
é ù
é ù-ê ú
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iii)  Find the inverse of A by adjoint method if  

1 0 2 1

1 1 0 1

1 0 1 2

2 3 1 0

A

è ø
é ù
é ù=
é ù-
é ù
ê ú

 

 

iv)  Find Rank of matrix 

1 2 3

4 5 6

7 8 9

A

è ø
é ù
=
é ù
é ùê ú 

 

v)  Prove that the matrix

0

0

0 0 1

Cos Sin

A Sin Cos

-è ø
é ù
=
é ù
é ùê ú

q q

q q
 
is orthogonal 

 
Also find

 
1.A-  

 

vi) Reduce the matrix 

0 1 3 1

1 0 1 1

3 1 0 2

1 1 2 0

A

- -è ø
é ù
é ù=
é ù
é ù

-ê ú

 
to the normal form qand 

find its rank.  
 

vii)  Find the non singular matrixɟ and Ŭ. such thatɟ A Ŭ is the normal 

form when

1 1 1

1 1 1

3 1 1

 A = 

è ø
é ù
- -

é ù
é ùê ú

  

 

 Also find the rank of matrix B 

 

  

1 1 1 1 2 1

2 3 4 & Y 6 12 6

3 2 3 5 10 5

X = 

- - - -è ø è ø
é ù é ù
- =

é ù é ù
é ù é ù-ê ú ê ú

  

 
 

viii)  Under what condition the rank of the matrix will be 3! 

 

 

2 4 2

2 1 2

1 0

 A = 

l

è ø
é ù
é ù
é ùê ú
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ix) If  

1 1 1 1 2 1

2 3 4 & Y 6 12 6

3 2 3 5 10 5

X = 

- - - -è ø è ø
é ù é ù
- =

é ù é ù
é ù é ù-ê ú ê ú

 

 Then show that ( ) ( )xy yxr r¸ where rdenotes Rank.  

x)  Find the rank of matrix 

8 3 6 1

1 6 4 2

7 9 10 3

15 12 16 4

 A = 

è ø
é ù
-
é ù
é ù
é ù
ê ú

 

 

*****  

2 

 
LINEAR ALGEBRIC EQUA TIONS 
 

 
UNIT STRUCTURE 

2.1 Objectives 

2.2  Introduction 

2.3  Canonical or echelon form of matrix 

2.4 Linear Algebraic Equations 

2.5 Let Us Sum Up 

2.6 Unit End Exercise 

 

2.1 OBJECTIVES 

 

After going through this chapter you will be able to 

- Find the rank of Matrix. 

- Find solution for linear equations. 

- Type of linear equations. 

- Find solution for Homogeneous equations. 

- Find solution of non-Homogeneous equations. 

 

2.2 INTRODUCTION  

 

 In XII th we have solved linear equations  by using method of 

reduction also by rule. Here we are going to find solution of homogeneous 
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and non-homogeneous both with different case. Using matrix we can 

discuss consistency of system of equation. 

 

2.3 CACONICAL OR ECH OLON FORM OF MATRIX  

 

Let A be a given matrix. Then the canonical or Echelon form of A is a 

matrix in which  

(i)  One or more elements in each of first r-rows are non-zero and 

these first r-rows  form an upper triangular matrix. 

(ii)  The elements in the remaining rows are zero. 

 

 

Note :  

1)  The number of non-zero rows in Echelon form is the rank of the 

matrix. 

2)   To reduce the matrix to Echelon form only row transformations are 

to be applied.  

 

Solved Examples :- 

 

Example 1: Reduce the matrix to Echelon and find its rank.  

 

  2   3 -1 1 

1 -1 -2 4 
 

 3  1  3 2 

 6  3  0 7 

A

-è ø
é ù
- -
é ù=
é ù-
é ù

-ê ú

 

Solution: 

  

  2   3 -1 1 

1 -1 -2 4 
 

 3  1  3 2 

 6  3  0 7 

A

-è ø
é ù
- -
é ù=
é ù-
é ù

-ê ú

 

1 2                  R Rª  

  

  1   -1 -2 4 

2 3 -1 1 
 

 3  1  3 2 

 6  3  0 7 

A

-è ø
é ù

-
é ù=
é ù-
é ù

-ê ú

 

2 2 12 R R RÝ -  

3 3 13 R R RÝ -  

4 4 16 R R RÝ -  
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1 1 2 4

0 5 3 7

0 4 9 10

0 9 12 17

A

- -è ø
é ù
é ù=
é ù
é ù
ê ú

 

3 3 2

4
 

5
R R RÝ -  

4 4 2

9
 

5
R R RÝ -  

1 1 2 4

0 5 3 7

0 0 33 5 22 5

0 0 33 5 22 5

A

- - -è ø
é ù
é ù=
é ù
é ù
ê ú

 

4 4 3 R R RÝ -  

1 1 2 4

0 5 3 7

0 0 33 5 22 5

0 0 0 0

A

- - -è ø
é ù
é ù=
é ù
é ù
ê ú

 

()   Rank of A  e A\ =  

.  non-zero rowsNo of=  

 3=  

 

Check Your Progress: 

1) Find the rank of the following matrices by reducing to Echelon form. 

i) 

1 2 3

2 4 7      : 2

3 6 10

A Ans

è ø
é ù
=
é ù
é ùê ú

 

ii)  

1 2 1 3

3 4 0 1

1 0 2 7

1 2 3 1

A

-è ø
é ù

-
é ù=
é ù- -
é ù

-ê ú

 

iii)  

3 4 1 1

2 4 3 6
  Ans : 4
-1 -2 6 4

1 -1 2 -3

A

è ø
é ù
é ù=
é ù
é ù
ê ú
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2.4  LINEAR ALGEBRIC  EQUATIONS 

 

i)  Consider a set of equations : 

 1 1 1 1a x b y c z d+ + = 

2 2 2 2a x b y c z d+ + = 

3 3 3 3a x b y c z d+ + =
 

 

The equation can be written in the matrix form as : 

 

  

1 1 1 1

2 2 2 2

3 3 3 3

 x   

      y             

    

a b c d

a b c d

a b c z d

è ø è ø è ø
é ù é ù é ù

=
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú 

 

            A            X      D  

. .            AX Di e =  

 

Now we join matrices A and D 

 

  [ ]
1 1 1 1

2 2 2 2

3 3 3   3

   :    

:    :   

:    

a b c d

A D a b c d

a b c d

è ø
é ù
=
é ù
é ùê ú 

 

It is called as Augment matrix  

We reduce (A.D.) to Echelon form and thereby find the ranks of A and 

(A:D) 

1)    If  ( ) ( )A ADr r¸ then the system is inconsistent i.e. it has no solution. 

 

2)   If ( ) ( )AD Ar r= then the system is consistent and if  

 

 (i)   ( ) ( )AD Ar r= =Number of unknowns then the system is 

 consistent and has unique solution.  

 

 (ii)

 

( ) ( )AD Ar r= <  Number of unknowns and has infinitely many 

solutions.  

 

Non- Homogeneous equation:- 

 

 System of simultaneous equation in the matrix form is    

AX=Dé..(I)  

Pre-multiplying both sides of  I  by 1A-  we set 
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1 1A AX A D- -\ =
 

1IX A B-\ =
 

1X A B-\ =
 

which is required solution of the given non-homogeneous equation. 

 

 

 

Homogeneous linear equation:- 

 

Consider the system of simultaneous equations in the matrix form. 

AX D=
 

If all elements of D are zero 

 

i.e 

 

then the system of equation is known as homogeneous system of 

equations. 

 

 In this case coefficient matrix A and the augmented matrix [A,O] 

are the same. So The rank is same. It follow that the system has solution  

 

1 2 3 4, , ....... 0,x x x x = which is called a trivial solution. 

 

Example 2:  Solve the following system of equations 

 

 1 2 32 3 0x x x- + =
 

1 2 32 3 0x x x+ - =
 

1 2 34 2 0x x x- - =
 

Solution: The system is written as 

 

                0AX=
 

               

1

2

3

2 3 1 x 0

1 2 3          0

4 1 2 0

x

x

è ø è ø è ø
é ù é ù é ù

- =
é ù é ù é ù
é ù é ù é ù- -ê ú ê ú ê ú 

Hence the coefficient and augmented matrix are the same 

We consider 

 

2 3 1

1 2 3    

4 1 2

A

-è ø
é ù
= -
é ù
é ù- -ê ú 

2 3 1

1 2 3    

4 1 2

A

-è ø
é ù
= -
é ù
é ù- -ê ú 

1 1 2 R R RÝ ª
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1 2 3

2 3 1    

4 1 2

A

-è ø
é ù
= -
é ù
é ù- -ê ú 

2 2 1 3 3 1-2 & 4R R R R R RÝ Ý -

 
1 2 3

0 7 7    

0 9 10

-è ø
é ù
= -
é ù
é ù- -ê ú 

2 2
1
7

R RÝ ³

 1 2 3

0 1 1    

0 9 10

-è ø
é ù
= -
é ù
é ù- -ê ú 

3 3 2 1 1 2+9 & 2R R R R R RÝ Ý -

 
1 0 1

0 1 1    

0 0 19

-è ø
é ù
= -
é ù
é ù-ê ú 

3 3
1
7

R R -Ý ³

 1 0 1

0 1 1    

0 0 1

-è ø
é ù
= -
é ù
é ùê ú 

2 2 3 1 1 3+ &R R R R R RÝ Ý +

 
1 0 0

0 1 0    

0 0 1

è ø
é ù
=
é ù
é ùê ú 

Hence Rank of A is 3 

 

( ) 3,A\ =
 

The coefficient matrix is non-singular 

 

Therefore there exist a trivial solution 

 

1 2 3 0x x x= = =
 

Example 3: 
Solve the following system of equations

 

         1 2 33 2 0x x x+ - =
 

           1 2 32 4 0x x x- + =
 

           1 2 311 14 0x x x- + =
 

Solution: The given equations can be written as 

 

               0AX=  



33 
 

1

2

3

1 3 2 x 0

2 1 4          0

1 11 14 0

x

x

-è ø è ø è ø
é ù é ù é ù
- =

é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú 
Here the coefficient & augmented matrix are the same 

 

1 3 2

2 1 4    

1 11 14

A

-è ø
é ù
= -
é ù
é ù-ê ú 

2 2 1 3 3 1-2 &R R R R R RÝ Ý -

 
1 3 2

0 7 8    

0 14 16

-è ø
é ù

-
é ù
é ù-ê ú 

3 3 22R R RÝ -

 
1 3 2

0 7 8    

0 0 0

-è ø
é ù
-

é ù
é ùê ú 
Here rank of A is 2 i.e  

 

     ( ) 2A =  

So the system has infinite non-trivial solutions. 

 

1

2

3

1 3 2 x 0

0 7 8          0

0 0 0 0

x

x

-è ø è ø è ø
é ù é ù é ù
- - =

é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú 

1 2 33 2 0x x x+ - =
 

2 37 8 0x x- - =
 

2 37 8x x=
 

2 3

8

7
x x=

 

Let 3 38x x l- =
 

2

8

7
x l\ =

 

1

8
3 2 0

7
x l l

å õ
\ + - =æ ö

ç ÷
 

1

24
2 0

7
x l l\ + - = 

1

24
2

7
x l l\ = -  

1

10

7
x l\ =-  
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Hence 1

10

7
x l=-

 2

8

7
x l=  and  3x l=

 

 

1

2

3

10

7x
8

       
7

x

x

l

l

l

è ø
-é ù

è ø é ù
é ù é ù=
é ù é ù
é ù é ùê ú

é ù
é ùê ú

 

Hence infinite solution as deferred upon value of l 

 

 

Example 4: Discuss the consistency of  

 

2 3 4 2x y z+ - =- 

3 4x y z- + = 

3 2 5x y z+ - =- 

Solution: In the matrix form 

 

   

2 3 4 x -2

1 1 3     y      4

3 2 1 z -5

-è ø è ø è ø
é ù é ù é ù
- =

é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú 

 

Consider an Agumental matrix 

 

   [ ]

2 3 4 : 2

: 1 1 3 : 4

3 2 1 : 5

A D

- -è ø
é ù
= -
é ù
é ù- -ê ú

 

   2 2 1

1
 

2
R R R­ -  

   3 3 1

3
 

2
R R R­ -  

   [ ]

2 3 4 : 2

5: 0 5 : 5
2

50 5 : 2
2

A D

è ø- -
é ù
é ù= -
é ù
é ù- -
ê ú

 

   2 3 2 R R R­ -  

   [ ]

2 3 4 : 2

5: 0 5 : 5
2

0 0 5 : 7

A D

- -è ø
é ù
= -é ù
é ù

-ê ú
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   \ ( ) 3ADr =  

   () 2Ar =  

   \ ( ) ()AD Ar r¸  

\ The system is inconsistent and it has no solution. 

 

Example 5: Discuss the consistency of 

 

3 2 3x y z+ + = 

2 3 3x y z- - =- 

2 4x y z+ + = 

Solution: In the matrix form, 

 

   

3 1 2 x 3

2 3 1  y  -3

1 2 1 z 4

è ø è ø è ø
é ù é ù é ù
- - =

é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

                             X      DA =  

Now we join matrices A and D 

 

Consider 

 

[ ]

3 1 2 : 3

A:D   2 -3 -1 : -3

1 2 1 : 4

è ø
é ù

=
é ù
é ùê ú 

 

We reduce to Echelon form 

  1 3R R­  

  [ ]

1 2 1 : 4

A:D   2 -3 -1 : -3

3 1 2 : 3

è ø
é ù

=
é ù
é ùê ú

 

  2 2 12 R R R­ -  

  3 3 13 R R R­ -  

[ ]

1 2 1 : 4

A:D   2 -7 -3 : -11

0 -5 -1 : -9

è ø
é ù

=
é ù
é ùê ú

 

3 3 2

5
 

7
R R R­ -  
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[ ]

1 2 1 : 4

A:D   0 -7 -3 : -11 ........(1)

8 80 0 :
7 7

è ø
é ù
é ù=
é ù

-é ùê ú

 

This is in Echelon form 

 

  ( ) 3ADr\ =  

  () 3Ar =  

( ) ()  AD  A  Number of unknownsr r\ = =  

 system is consist and has unique solution.\  

Step (2) : To find the solution we proceed as follows. At the end of the 

row transformation the value of z is calculated then values of y and the 

value of x in the last.  

 

The matrix in e.g. (1) in Echelon form can be written as  

 

  

1 2 1 x 4

0 7 3  y   -11

0 0 8 7 z -8 7

è ø è ø è ø
é ù é ù é ù
- - =

é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

  3   Expanding  by R  \  

  
8 8

77
Z=-  

    z -1\ =  

  2  expanding by R\  

  7 3 11y z- - =- 

  7 3( 1) 11y- - - =- 

7 3 11y- + =- 

7 14y- =-/ / 

2y=  

1exp  by Randing  

2 4x y z+ + = 

4 1 4x / /+ - = 

 x 1\ = 

  x 1, y 2,z -1\ = = =
 

Example 6: Examine for consistency and solve 

 

5 3 7 4x y z+ + = 

3 26 2 9x y z+ + = 
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7 2 10 5x y z+ + = 

Solution: 

 

Step (1) : In the matrix form 

 

  

5 3 7 x 4

3 26 2   y   5

7 2 10 z 6

è ø è ø è ø
é ù é ù é ù

=
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

                      X     DA =  

Consider 

  [ ]

5 3 7 : 4 x 4

: 3 26 2 : 9   y   5

7 2 10 : 5 z 6

A D

è ø è ø è ø
é ù é ù é ù
= =
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

  1 1

1
         R  

5
R­  

  [ ]

1 3 5 7 5 : 4 5

: 3 26 2 : 9

7 2 10 : 5

A D

è ø
é ù
=
é ù
é ùê ú

 

  2 2 1R  3 R R­ -  

  3 3 1R  7 RR­ -  

  [ ]

1 3 5 7 5 : 4 5

: 0 121 5 11 5 : 33 5

0 11 5 1 5 : 3 5

A D

è ø
é ù
= -
é ù
é ù- -ê ú

 

  3 3 2

1
R   R

11
R­ +  

[ ]

3 7 41 :
5 5 5

33121 11: 0 :
5 5 5

0 0 0 : 0

A D

è ø
é ù
é ù-=
é ù
é ù
é ùê ú

 

( )       AD 2r\ =  

()       A 2r =  

( ) ()     AD 2 3  of unknownsA Numberr r\ = = < =  

The system is consistent and has infinitely many solutions.  

 

Step (2) :- To find the solution we proceed as follows: 

 

Let 
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  [ ].......  parameterz k k= =  

  2  By expanding   R\  

  121 5 11 5 33 5    y z- =  

   11y-z 3\ =  

z 3
    y

11

+
\ =  

   put z k\ =  

k 3
   y

11

+
\ =  

1  RBy exapanding  

3 7 4
5 5 5

x y z+ + =  

7 16
   x

11 11

k
\ = -

 

 

Check Your Progress: 

 

Solve the system of equations: 

 

 i)
  1 2 3 42 2 6x x x x+ + + = 

1 2 3 46 6 6 12 36x x x x- + + =
 

1 2 3 44 3 3 3 1x x x x+ + - =-
 

1 2 3 42 2 10x x x x+ - + =
 

Ans  : consistent 

ii)
  1 2 3 42,   1,   1,   3x x x x= = =- = 

1 2 3 42 2x x x x+ + + = 

1 2 3 43 2x x x x- + - = 

1 2 3 42 1x x x x+ - + = 

1 2 3 46 2 5x x x x+ + + = 

Ans  :  Infinitely many solutions, 

iii)   1 2 3 4

5 9
,  3 4 ,  2 ,  3

2 2
x k x k x k x k= = - = - = - 

3 1 2 3 4x x x+ + = 

1 2 32 5 2 3x x x+ - = 

1 2 37 7 5x x x+ - = 

Ans :  Inconsistent 

iv)
  1 2 3 0x x x- - = 
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1 2 32 0x x x+ - = 

1 2 32 3 0x x x+ + = 

Ans:  Trivial  Solution. 

 

v)
  1 2 32 3 0x x x+ + = 

1 2 32 4 7 0x x x+ + = 

1 2 33 6 10 0x x x+ + = 

Ans : Definitely many solution 

1

2

3

x
1

       
2

0

x

x

l

l

è ø
è ø é ù

-é ù é ù=
é ù é ù
é ùê ú é ù

ê ú

 

 

2.5 LET US SUM UP 

 

In this chapter we have learn 

× Using row echelon from finding Rank of matrix. 

× Representing linear equation m x n in to argumented matrix. 

× Consistency of matrix. 

× Solution of Homogeneous equations. 

× Solution of non homogeneous equations. 

 

2.6  UNIT END EXERCISE  

 

1) Reduce the following matrix in Echolon form & find its Rank. 

 

i) 

1 3 6 1

1 4 5 1
     

1 5 4 3
A Ans : Rank = 2

-è ø
é ù
é ù=
é ù
é ù
ê ú

 

ii)  

1 2 1 3

4 1 2 1
     

3 1 1 2

1 2 0 1

A Ans : Rank = 3

-è ø
é ù
é ù=
é ù-
é ù
ê ú
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iii)  

1 2 3

2 1 0      

0 1 2

A Ans : Rank = 2

è ø
é ù
=
é ù
é ùê ú

 

iv) 

1 1 1

1 1 1      

3 1 1

A Ans : Rank = 2

è ø
é ù
= - -
é ù
é ùê ú

 

2) Solve the following system of equations. 

 

i)  1 2 3 2 3 1 2 3x +x +x = 3,  x+2x +3x = 4,  x +4x +9x =6 

 

Ans:-    2, 1, 0.x y z= = = 

ii) 1 2 3 1 3 1 2 32x - x - x =0,  x - x =0,  2x +x -3x =0 

 Ans:-     
1 2 3

1

..... 1 .

1

x x x l l

è ø
é ù

= = = \
é ù
é ùê ú.

 

iii)   1 2 3 45x -3x -7x +x =10   

 1 2 3 4-x +2x +6x -3x = -3  

 1 2 3 4x +x +4x -5x =0  

 

iii)      1 2 32x +3x - 2x =0  

       1 2 33x - x +3x =0   

  1 2 37x +5x - x =0.   

iv)   1 2 3x -4x - x = 3   

 1 2 33x +x - 2x =7   

 1 2 32x -3x +x =10.   

v) 1 2 3x -4x +7x = 8 

 1 2 33x +8x - 2x =6   

 1 2 37x -8x +26x = 31            
 

 

 
 

*****  
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3 
LINEAR DEPENDANCE AN D 

INDEPENDANCE 

 OF VECTORS 

 
UNIT STRUCTURE   

3.1  Objectives 

3.2  Introduction 

3.3  Definitions 

3.4  The Inner Product 

3.5  Eigen Values and Eigen Vectors 

3.6  Summary 

3.7  Unit End Exercise 

 

3.1 Objectives 
 

After going through this chapter you will able to 

× Find linearly independent & linearly dependent vector. 

× Inner product of two vector 

× Find characteristic equation of matrix 

× Find the of characteristic equation i.e 

× Find the corresponding .Eigen vector to Eigen value. 

 

3.2 Introduction 

 

 In this chapter we are going to discuss linearly dependent & 

independent also. Inner two vector using the characteristic equation of 

matrix. We are going to evaluate .Eigen value & Eigen.vector of matrix A. 

Vector :- An set of n elements written as [ ]1 2 3 4, , , ,.............  nx x x x x x=
is 

called a vector of n-dimensions. 

 

Note : Any two or column matrix is called as a vector and numbers are 

called as scalars. 

 

3.3 Definitions  

 

Linearly Independent Vector 

Let 

1 2 , ,.............  be n vectors of some ordernLet x x x  
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1 1 2 2 nLet c c ........... c 0nx x x+ + + = 

1 2 c ,  ,  ...... are scalars. Where c  

1 2 nIf (i) c .............. c 0   thenc= = = =  

1 2       x ,  , ........  are linearly independentnx x  

i 1 2and (ii) if not all c  are zero then , ,..........  nx x x  

are linearly dependent 

1 2If x , ,.........  are linearly dependent then a relation  existsnx x

 between them which can be found out  
 

Solved examples:- 

 

Example 1:  Examine for linear dependence 

( ) ( )1 21  2  4 ,   x 3  7  10
T T

x = =  

Solution: We have, 

  
1 2

1 3

2 ,   x 7

4 10

x

è ø è ø
é ù é ù
= =
é ù é ù
é ù é ùê ú ê ú

 

  1 1 2  0Let c x c x+ = 

  
1 2

1 3 0

. .   2 7 0

4 10 0

i e c c

è ø è ø è ø
é ù é ù é ù
+ =

é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

  

1 1

1 2

1 2

3 0

. .     2 7 0

4 10 0

c c

i e c c

c c

+è ø è ø
é ù é ù

+ =
é ù é ù
é ù é ù+ê ú ê ú

 

  1 2  3 0c c\ + = 

1 2    2 7 0c c+ = 

1 2    4 10 0c c+ = 

Consider first two equations in matrix form. 

  
1

2

1 3 0

2 7 0

c

c

è øè ø è ø
=é ùé ù é ù

ê ú ê úê ú
 

      X   0A =  

      A 7 6\ = - 

      A 1=  

   A 0\ ¸  

  system has zero solution.\  

1 2i.e.     c 0c= = 

1 2   x ,  x  are linearly independent\
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Example 2:  Examine for linear dependence. 

( ) ( ) ( )1 2 31   2  3 ,   3   -2  1 , 1   -6  -5
T T T

x x x= = =  

Solution: 

Step (1) We have 

  
1 2 3

1 3 1

2   ,   x 2  , x 6

3 1 5

x

è ø è ø è ø
é ù é ù é ù
= = - = -
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

  1 1 21 2 3 3   c c c 0Let x x x+ + = 

  
1 2 3

1 3 1 0

    2     c 2   c 6 0

3 1 5 0

c

è ø è ø è ø è ø
é ù é ù é ù é ù

\ = + = - + - =
é ù é ù é ù é ù
é ù é ù é ù é ù-ê ú ê ú ê ú ê ú

 

  

1 2 3

1 2 3

1 2 3

3 0

2 2 6 0

3 5 0

c c c

c c c

c c c

+ +è ø è ø
é ù é ù
\ - - =
é ù é ù
é ù é ù+ -ê ú ê ú

 

  1 2 3   3 0c c c\ + + = 

  1 2 3     2 2 6 0c c c- - = 

  1 2 3     3 5 0c c c+ - = 

Step (ii) In matrix form, 

  

1

2

3

1 3 1 c 0

2 2 6    c    0

3 1 5 c 0

è ø è ø è ø
é ù é ù é ù
- - =

é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

                 A                X       0=  

  Consider  

[ ]

1 3 1 : 0

A:0 2 3 6 : 0

3 1 5 : 0

è ø
é ù
= - -
é ù
é ù-ê ú

 

2 2 12 R R R­ -  

3 3 13 R R R­ -  

[ ]

1 3 1 : 0

A:0 0 8 8 : 0

0 8 8 : 0

è ø
é ù
= - -
é ù
é ù- -ê ú

 

3 3 2 R R R­ -  

2 2

1
 

8
R R­-  

[ ]

1 3 1 : 0

A:0 0 1 1 : 0

0 0 0 : 0

è ø
é ù
=
é ù
é ùê ú

 

( ) A 0 2e =  
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() A 2e =  

( ) ()   e A:0  A 2  Number of unknownse\ = = <  

  system has non-zero solution\  

1 2 3i.e.  c ,  c ,  c  are non zero 

1 2 3  x ,x ,x  are linearly dependent\  

Step (iii): 

 

To find relation between 

  1 2, 3,  x  xx  

Let 

  3 c k=  

  2 exp  By anding R 

2 3 c  c 0+ = 

2 3   c -c\ =  

2     c k=- 

1 expanding RBy  

1 2 3c  3c  c 0+ + = 

1c  3k  k 0- + = 

1c 2k=  

1 1 2 2 3 3  c  c  c 0x x x\ + + = 

1 2 3  2kx  kx  kx 0\ - + = 

1 2 3  2x  x  x 0  is a relation.\ - + =
 

 

Check your progress: 

1) Show that the vectors ( ) ( ) ( )1 2 31  1   1 ,   x 1,  2,  3 ,x  2,  3,  8x =                                                            

are linearly independent 

2) Are the following vectors linearly dependent? If so find the 

relation  

i) ( ) ( ) ( ) ( )1 2 3 41  2   4 ,   x 2,  -1,  3 ,x  0,  1,  2 , x  3,  7, 2x = = = = -  

Ans : Dependent   1 2 3 49 12 5 5 0x x x x- + - = 

 (ii)  ( ) ( ) ( )1 2 32  -1   3  2 ,  1  3  4  2 ,   3  -5   2  2x x x= = =  

  1 2 3 :- Dependent, 2 0Ans x x x- - = 

 (iii)  ( ) ( ) ( )1 2 31  1   1    3 ,  1  2  3  4 ,   2   3  4  9x x x= = =
 

 

Ans : Independent. 

 

 

 

 

3.4 THE INNER PRODUCT 
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If 1 2( , ....... )nX x x x=
 
and

 1 2( , ....... )nY y y y=
 

then<X,Y> denotes inner product 

1 1 2 2 3 3, ........ n nX Y x y x y x y x y< >= + + + + is in inner product of X and Y. 

Let V be a vector space and
 
X,Y V then<X,Y>  it said to be an inner 

product if it satisfies following properties. 

i) <X,Y> =0 

ii)  <X,Y> = <Y,X> 

iii)  <X,Y+Z> = <X,Y> + <X,Z> 

iv) <X,aY> = a<X,Y> where a is scalar. 

v) <X,Y> = 0 if and only if X=0. 

 

Example 3: Show that 1 1 2 2 3 3, 2 4X Y x y x y x y< >= + +
 

                    Satisfies all properties of inner product 

 

Solution:
 1 1 2 2 3 3, 2 4X Y x y x y x y< >= + +

 
i) 1 1 2 2 3 3, 2 4X Y x y x y x y< >= + + 

 
2 2 2

1 2 3( ) 2( ) 4( ) 0x x x= + + ²
 

 , 0X Y< >²
 

2 2 2

1 2 3, 0( ) 2( ) 4( ) 0X Y x x x< >= + + =
 

 1 2 30, 0, 0x x orx= = =
 

, 0 0X X x\< > =
 

ii)  1 1 2 2 3 3, 2 4X Y x y x y x y< >= + + 

 1 1 2 2 3 32 4y x y x y x= + +  

 ,Y X=< >
 

iii) 1 1 1 2 2 2 3 3 3, ( ) 2 ( ) 4 ( )X Y Z x y z x y z x y z< + >= + + + + + 

 1 1 1 1 2 2 2 2 3 3 3 32 2 4 4x y x z x y x z x y x z= + + + + +
 

 1 1 2 2 3 3 1 1 2 2 3 32 4 2 4x y x y x y x z x z x z= + + + + +
 

 , ,X Y X Z=< >+< > 
 

iv) 1 1 2 2 3 3,  ( ) 2 ( ) 4 ( )X Y x y x y x ya a a a< > = + +  

                   1 1 2 2 3 32 4x y x y x ya a a= + +  

                   1 1 2 2 3 3( 2 4 )x y x y x ya= + +  

                                  ,x ya= < > 

Here all properties are satisfied 

,X Y\< > is an inner product.  

Check Your Progress: 

 

Prove all the properties of an inner product for the following:- 

i. 1 1 2 2, 16 25X Y x y x y< >= -  

ii.  1 1 2 2 3 3, 8X Y x y x y x y< >= + - 



46 
 

iii.  1 1 2 2 3 3, 3 4X Y x y x y x y< >= - - 

iv. , ( ). ( ).
b

a

f g f t g t dtV< >=  

 

3.5 Eigen Values And Eigen Vectors    

 
Definition: - 

 

Let A be a given square matrix. 

Then there exists a scalar  l and non-zero vector X such that 

  

 ..........(1)AX Xl=  

 

Our aim is to find and x for given matrix A using equation (1) 

 l is called as eigen value, latent roots of a matrix value, characteristic 

value or root of a matrix A and x is called as eigen vector or characteristic 

vector etc.  

 X is a column matrix 

 

Method of finding l and x :- 

We have, 

                         AX Xl=  

                        [ ]   AX-  IX 0..... x IX, I unit matrixl\ = = =  

                        ( ) A-  I 0.............(2)Xl\ =  

Equation 2 is a set of homogenous equation and for non-zero x, we have 

 

    0..........(3)A Il- =
 

This equation is called the characteristic equation of
 

First we solve equation (3) to find eigen values or roots. Then we solve 

equation (2) to find Eigen vectors.  

Let 

  

1 1 1 1

2 2 2 2

3 3 3 3

   and x

a b c x

A a b c x

a b c x

è ø è ø
é ù é ù
= =
é ù é ù
é ù é ùê ú ê ú

 

 

( ) (2) i.e. A-  I 0 becomesequation xl =  

  

1 1 1 1

2 2 2 2

3 3 3 3

1 0 0 0

 0 1 0   0

0 0 1 0

a b c x

a b c x

a b c x

l

ë ûè ø è ø è ø è ø
î îé ù é ù é ù é ù

- =ì üé ù é ù é ù é ù
î îé ù é ù é ù é ùê ú ê ú ê ú ê úí ý
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1 1 1 1

2 2 2 2

3 3 3 3

0

. .  0 (2)

0

a b c x

i e a b c x

a b c x

l

l

l

-è ø è ø è ø
é ù é ù é ù

- = ­
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

   equation (3) i.e. A-  x 0 isand l =  

  

1 1 1

2 2 2

3 3 3

0 (3)

a b c

a b c

a b c

l

l

l

-è ø
é ù

- = ­
é ù
é ù-ê ú

 

 

Note : 

1) Equation (2) is called as matrix equation of A in l 

2) Equation (3) is called as characteristic equation of A in l 

3) Usually given matrix A is of order 3X3 . Therefore it will have 3 

eigen values and for every eigen value there will be corresponding eigen 

vector which is a column matrix of order 3X1. There are 3 such column 

matrices.  

4) Eigen vectors are linearly independent.  

5) Method of finding eigen values is same for any given matrix A.  

Method of finding eigen vectors is slightly different and we study 3 types 

of such problems. 

Type (I) : When all eigen values are distinct and matrix A may be 

symmetric or non- symmetric. 

Type (II) :  When eigen values are repeated and A is non-symmetric 

Type (III)  : When eigen values are repeated and A is symmetric.  

Solved examples :- 

Type (I) : All roots are non- repeated.  

Example 4: Find eigen values and given vectors for  

  

2 2 3

1 1 1

1 3 1

A

-è ø
é ù
=
é ù
é ù-ê ú

 

Solution:   (1) : Charactristic equation of A in   i s Step l  

  A-  I 0l =  

  

2- -2 3

. . 1 1- 1 0

1 3 -1-

i e

l

l

l

=  

( ) 3  2   diagonal elements of A  sum ofl l\ - +

( )            minors of diagonal elements of A   - A 0sum of l =

( ) ( ) ( )2 1 3 2 1 1 3 3 1A\ = - - + - - + - 
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        -8-4 6= + 

 A 6=- 

Characteristic equation is given by 

 

 ( ) ( )3 2  2 4 5 4   - 6 0l l l\ - + - - + - = 

3 2  2  -5  6 0l l l\ - + = 

sin  sum of coefficient 0ce =  

( )  -1  is a factor.l\  

Synthetic division:  
1 1 -2 -5 6 

  1 -1 -6 

 1 -1 -6 0 

 

 

( )( )  2  -1  6 0l l l\ - - = 

( )( ) ( )  -1   -3    2  0l l l\ Ö + = 

 1, -2, 3l\ =  

 The roots are non- repeated\  

Step (ii) :- Now we find eigen vectors 

Matrix equations is given by 

  ( ) I 0A Xl- = 

  

1

2

3

2- -2 3 x 0

. . 1 1- 1  x 0

1 3 1 x 0

i e

l

l

l

è ø è ø è ø
é ù é ù é ù

=
é ù é ù é ù
é ù é ù é ù- -ê ú ê ú ê ú

 

  n ( ) :  When 1, matrix eq  becomes Case i l- =  

  

1

2

3

1 -2 3 x 0

1 0 1  x 0

1 3 2 x 0

è ø è ø è ø
é ù é ù é ù

=
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

 

Solving first two rows by Cramerôs rule.  

We have, 

  1 2 32 3 0x x x- + = 

  1 2 3 0x x x+ + = 

 

  31 2x
 
-2 2 2

xx-
\ = =

- -
 

 

31 2x
 
-1 1 1

xx
\ = =  

 



49 
 

  1

1

 x 1

1

-è ø
é ù

\ =
é ù
é ùê ú

 

Case (ii) :- When 2 2l=- 

Matrix equation is given by 

  

1

2

3

4 2 3 x 0

1 3 1  x  0

1 3 1 x 0

-è ø è ø è ø
é ù é ù é ù
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

31 2
xx x

 
-11 1 14

\ = =  

31 2
xx x

 
-11 -1 14

\ = =  

2

11

  x 1

14

-è ø
é ù

\ = -
é ù
é ùê ú

 

Case (iii) : When  3 3l =+ matrix equation is given by 

  

1

2

3

1 2 3 x 0

1 2 1  x  0

1 3 4 x 0

- -è ø è ø è ø
é ù é ù é ù

- =
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

  31 2
xx -x

 
4 4 4

\ = =
-

 

  31 2
3

1
xx x

     x 1
1 1 4

1

è ø
é ù

\ = = \ =
é ù
é ùê ú

 

Type (II) : - Repeated eigen values and A is non- symmetric.  

Example 5: Find eigen values and eigen vectors for   

2 1 1

2 3 2

3 3 4

A

è ø
é ù
=
é ù
é ùê ú 

Solution: 

Step (1) :- Characteristic equation of A inl is 

 [ ] I 0A l- = 

 ( )3 2. .    -9  6 5 4   -7 0i e l l l+ + + = 

 3 2 -9  15  -7 0l l l+ = 

 since sum of co-efficients 0=  

( ) 1  is a factor l\ -  

 synthetic division  
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1 1 9 15 7

1 8 7

1 8 7 0

- -

-

-

 

 2  -8  7l l\ +  

 ( )( ) -7  1l l= - 

3 2  -9  15  -7 0l l l\ + = 

( )( )( )   -1  1  -7 0l l l\ - = 

 7,  1,  1l=  

Here two roots are repeated. First we find eigen vectors for non-repeated 

root.  

Step II :- Matrix equation of A in l  is 

 

  ( ) I 0A Xl- = 

1

2

3

2 1 1 x 0

2 3 2  x  0

3 3 4 x 0

l

l

l

-è ø è ø è ø
é ù é ù é ù

- =
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

  

Case (i) :- For 7l=  

Matrix equation is 

1

2

3

5 1 1 x 0

2 4 2  x   0

3 3 3 x 0

-è ø è ø è ø
é ù é ù é ù

- =
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

31 2
xx -x

 
6 -12 18

\ = =  

31 2
xx x

 
1 2 3

\ = =  

1

1

 x 2

3

è ø
é ù

\ =
é ù
é ùê ú

 

Case (ii) :- Let 1l=  

Matrix equation is 

  

1

2

3

1 1 1 x 0

2 2 2  x  0

3 3 3 x 0

è ø è ø è ø
é ù é ù é ù

=
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

By cramersôs rule we get 

  31 2

0 0 0

xx x-
= =  

  

0

. . 0

0

i e

è ø
é ù
é ù
é ùê ú

 

But by definition we want non-zero x2 
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So we proceed as follows 

  1 by RExpanding  

  1 2 3 0x x x+ + = 

Assume any element to be zero say x1  and give any conventional value 

say 1 to x2 and find x3   

Let 

1 20,   x 1x = = 

3 1x\ =- 

2

0

 1

1

x

è ø
é ù

\ =
é ù
é ù-ê ú

 

Case (iii) : - Let x=1 

Again consider 

1 2 3x x x 0+ + = 

2 1   0,   x 1Let x = = 

3 1x\ =- 

2

0

 1

1

x

è ø
é ù

\ =
é ù
é ù-ê ú

 

Type (iii) : - A is symmetric and eigen values are repeated  

Example 6:  Find eigen values and eigen vectors for . 

6 2 2

2 3 1

2 1 3

A

-è ø
é ù
= - -
é ù
é ù-ê ú

 

Solution: 

Step :- Characteristic equations of A in   l    is 

  [ ] 0A Il- = 

  

6 2 2

2 3 1  0

2 1 3

l

l

l

- -è ø
é ù
- - - =
é ù
é ù- -ê ú

 

[]A 32=  

( ) 3  2. . 12 8 14 14   -32 0i e l l l- + + + = 

 3  2  12 36  -32 0l l l\ - + = 

( )    -2  is a factor l  

Synthetic division :- 

  

2 1 12 36 32

2 20 32

1 10 16 0

- -

-

-
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  2 10 6l l- + 

  ( )( ) 8 2l l= - - 

  3 2 12 36 32 0l l l\ - + - = 

  ( )( )( )2 2 8 0l l l- - - = 

 8,  2, 2 l\ =  
 

 

 

Step (ii) :- Matrix equation is 

  

1

2

3

6 2 2 x 0

2 3 1  x   0

2 1 3 x 0

l

l

l

- -è ø è ø è ø
é ù é ù é ù
- - - =
é ù é ù é ù
é ù é ù é ù- -ê ú ê ú ê ú

 

Case (i) :- For  8l=  

Matrix equation is given by 

1

2

3

2 2 2 x 0

2 5 1  x   0

2 1 5 x 0

- -è ø è ø è ø
é ù é ù é ù
- - - =
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

31 2x
 ........  cramer's rule 
12 6 6

xx
By

-
\ = =  

31 2x
 

2 1 1

xx-
= =
-

 

1

2

 x 1

1

è ø
é ù

\ = -
é ù
é ùê ú

 

Case (ii) :- Let    2l=  

Matrix equation is given by 

  

1

2

3

4 2 2 0

2 1 1   0

2 1 1 0

x

x

x

-è ø è ø è ø
é ù é ù é ù
- - =
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú

 

1 RExpanding  

1 2 34 2 2 0x x x- + = 

1 2 x 0,   x 1Let = = 

3  x 1\ = 

  2

0

 x 1

1

è ø
é ù

\ =
é ù
é ùê ú

 

Case (iii) :- Let 

   2l=  
   A is symetric \  

1 2 3 x ,  x ,  are orthogonalx\  
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3Let, x

l

m

n

è ø
é ù
=
é ù
é ùê ú

 

1 3 x , x  are orthogonal  

1

1 3  x , x 0\ =  

 2l-m n 0..........(1)\ + =  

2 3x , x  are orthogonal  

1

2 3  x , x 0\ =  

 ol m n 0..........(2)\ + + =  

solving (1) and (2) by cramer's rule  

l

-2 2 2

m n-
= =  

l
 

1 1 1

m n
\ = =
+ -

 

3

1

 x 1

1

è ø
é ù

\ =
é ù
é ù-ê ú

 

Check your progress: 

 

1) Find eigen values and eigen vectors for  

 

i)  

2 8 12

1 4 4

0 0 1

A

- - -è ø
é ù
=
é ù
é ùê ú 

 

Ans :- Eigen values are 0,1,2 

 

  2 3

4 4 2

1    x 0 ,   x 1

0 1 0

x

è ø è ø è ø
é ù é ù é ù

\ = - = = -
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú 

 

(ii)   

3 1 1

1 5 1

1 1 3

A

-è ø
é ù
= - -
é ù
é ù-ê ú 

 

Ans    are 2,3 and 6Eigen values  
 

  1 2 3

1 1 1

0      x 1   x 2

1 1 1

x

-è ø è ø è ø
é ù é ù é ù
= = = -
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú 
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(iii)   

2 2 3

2 1 6

1 2 0

A

- -è ø
é ù
= -
é ù
é ù-ê ú 

 

Ans :    are 5, -3,-3Eigen values  
 

  1 2 3

1 2 3

2      x 1   x 0

1 0 1

x

-è ø è ø è ø
é ù é ù é ù
= = =
é ù é ù é ù
é ù é ù é ù-ê ú ê ú ê ú 

 

3.6 SUMMARY 

 

In this chapter we have learn 

× Linearly dependent & independent vector. 

× Inner product of two vector i.e same as dot product 7 its properties. 

× Characteristics equation & its root by using 

0A Il- = 

× Eigen vector which is corresponding to Eigen value which we get 

from 0A Il- = 

 

3.7 UNIT END EXERCISE  

 

1) Is the system of vector 1 2(2,2,1) , (1,3,1)T Tx x= =  linear 

by dependent? 

 

2) Show that the vectors (1,2,3)  (2,20) form a linearly 

independent set. 

 

3) Show that the following vector are linearly dependent 

& find the relation between them 

1 2 3(1, 1,1), (2,1,1), (3,0,2)x x x= - = =
 

 

4) Prove the properties of an inner product. 

i. 1 1 2 2, 3 4 .X Y x y x y< >= +  

ii.  1 1 2 2 3 3, 9 3 4X Y x y x y x y< >= - + 

 

5) Find Eigen value and Eigen vector for the following 

matrix. 
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i) 

2 2 0

2 1 1

7 2 3

A

è ø
é ù
=
é ù
é ù- -ê ú

 

ii)  

1 2 4

0 2 4

0 0 3

A

è ø
é ù
=
é ù
é ùê ú

 

 

iii)  
1 0

2 4
A
è ø
=é ù
ê ú

 

 

iv) 
2 1

8 4
A

-è ø
=é ù
-ê ú

 

 

v) 

1 1 1

1 2 1

3 2 3

A

è ø
é ù
=
é ù
é ùê ú

 

 

vi) 

1 3 0

3 2 1

0 1 1

A

è ø
é ù
= - -
é ù
é ù-ê ú

 

 

vii)  
0

0

Cos Sin
A

Sin Cos

q

q

-è ø
=é ù
ê ú

 

 

viii)  

2 2 1

1 3 1

1 2 1

A

è ø
é ù
=
é ù
é ùê ú

 

 

 

 

*****  

  



56 
 

                                                                                                                                                                                                                 

4 
CAYLEY ï HAMILTON THEORY  
 

UNIT STRUCTURE   

4.1 Objective 

4.2 Introduction 

4.3 Cayley ï Hamilton Theorem 

4.4 Similarity of Matrix 

4.5 Characteristics Polynomial 

4.6 Minimal Polynomial  

4.7  Complex Matrices  

4.8  Let Us Sum Up 

4.9  Unit End Exercise 

 

4.1   OBJECTIVE  

 

After going through this chapter you will able to 

× Find by using Cayley Hamilton Theorem. 

× Application of Cayley- Hamilton Theorem. 

× Find diagonal matrix on similar matrix. 

× Characteristic Polynomial & Minimal Polynomial of matrix A. 

× Derogatory & non-derogatory matrix. 

× Complex matrix like Hermitian, Skew-Hermitian unitary matrix. 

4.2 INTRODUCTION  

 

In previous chapter we learn about Eigen values & Eigen Vector. How 

here we are going to discuss Cayley Hamilton Theory & its application 

also we had study only Real matrix. We introduce here complex matrix 

with type of complex matrix also minimal polynomial. 

4.3 CAYLEY ï HAMILTON THEOREM  

 

Statement: Every square matrix satisfies its own characteristic equation. 

If the characteristic Equation for the n
th
 order square matrix A is  

( ) 1 2

1 21 ........
n n n n

nA I a a al l l l- -è ø- = - + + +ê úthen 

( )( )1 2

1 21 ........ 0
n n n n

nA a A a A a I- -- + + + =
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Example 1: 

 

Show that the given matrix A satisfies its characteristic equation. 

 

2 1 1

 0 1 0

1 1 2

A

è ø
é ù

=
é ù
é ùê ú 

 

Solution: 

The characteristic equation of the matrix A is 0A Il- = 

 

2 1 1

0 1 0 0

1 1 2

l

l

l

-

- =

-
 

( )( )( ) () ( )( )2 1 2 0 1 0 1 0 1 0l l l l\ - - - - - + - - =è øê ú  

( ) ( )22 2 3 1 1 0l l l lè ø\ - - + + - + =ê ú  

2 2 34 6 2 2 3 1 0l l l l l l\ - + - + - - + = 
3 25 7 3 0l l l\- + - + = 

3 25 7 3 0l l l\ - + - =

  

By Cayley Hamilton theorem, 

 
3 25 7 3 0A A A I- + - =ééééééééé..(1)

  

Now, we have 

 

2

2 1 1 2 1 1 5 4 4

0 1 0 0 1 0 0 1 0

1 1 2 1 1 2 4 4 5

A

è øè ø è ø
é ùé ù é ù
= =
é ùé ù é ù
é ùé ù é ùê úê ú ê ú

 

3

2 1 1 5 4 4 14 13 13

0 1 0 0 1 0 0 1 0

1 1 2 4 4 5 13 13 14

A

è øè ø è ø
é ùé ù é ù
= =
é ùé ù é ù
é ùé ù é ùê úê ú ê ú

 

3 25 7 3A A A I\ - + - = 

14 13 13 5 4 4 2 1 1 1 0 0

0 1 0 -5 0 1 0  +7 0 1 0 3 0 1 0

13 13 14 4 4 5 1 1 2 0 0 1

è ø è ø è ø è ø
é ù é ù é ù é ù
= -
é ù é ù é ù é ù
é ù é ù é ù é ùê ú ê ú ê ú ê ú
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14 13 13 5 4 4 2 1 1 1 0 0

0 1 0 -5 0 1 0  +7 0 1 0 3 0 1 0

13 13 14 4 4 5 1 1 2 0 0 1

è ø è ø è ø è ø
é ù é ù é ù é ù
= -
é ù é ù é ù é ù
é ù é ù é ù é ùê ú ê ú ê ú ê ú

 

14 13 13 25 20 20 14 7 7 3 0 0

0 1 0 - 0 5 0  + 0 7 0 0 3 0

13 13 14 20 20 25 7 7 14 0 0 3

è ø è ø è ø è ø
é ù é ù é ù é ù
= -
é ù é ù é ù é ù
é ù é ù é ù é ùê ú ê ú ê ú ê ú

 

28 20 20 28 20 20

0 8 0 0 8 0

20 20 28 20 20 28

è ø è ø
é ù é ù
= -
é ù é ù
é ù é ùê ú ê ú

 

0 0 0

0 0 0

0 0 0

è ø
é ù
=
é ù
é ùê ú

   

0=  
3 25 7 3 0A A A I\ - + - = 

 

Thus the matrix A satisfies its characteristic equation. 

 
Example 2 : 

 

Calculate 7A  by using Cayley Hamilton theorem. 

 

Where

 

3 6
A =

1 2

è ø
é ù
ê ú   

Solution : 

 

The characteristic equation of A is   

 

0A Il- =
 

3 6
0

1 2

l

l

-è ø
=é ù

-ê ú  

( )( )3  2  6 0l l- - - = 

26 2 3 6 0- - + - =l l l  
2 5 0\ - =l l  

 

By Cayley Hamilton theorem, 

 
2 5 0A A- = 

i.e. 2 5A A=  
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Now to calculate 
7 5 2 5 6. .5 5A A A A A A= = =  

      4 2 55 . 25A A A= =  

 3 2 425 . 125A A A= =  

     
2 2125 . 125(5 ).(5 )A A A A= =  

     
23125 3125(5 )A A= =  

     15625A=  

7
3 6

15625
1 2

A
è ø

= é ù
ê ú 

      

46875 93750

15625 31250

è ø
=é ù
ê ú

 

\ The value of 
7

46875 93750

15625 31250
A

è ø
=é ù
ê ú 

 

Example 3:  

 

By using Cayley Hamilton theorem find 1A-  
 

1 1 1

1 1 2

1 2 1

A

-è ø
é ù
= -
é ù
é ùê ú 

 

Solution: 

 

The characteristics equation of A is  

 

0A Il- =  

1 1 1

1 1 2 0

1 2 1

l

l

l

- -è ø
é ù
- - =
é ù
é ù-ê ú

 

( ) [ ] [ ]21 1 2 4 1 1 2 1 2 1 0l l l l lè ø- - + - + - - + - + - =ê ú  

2 2 32 3 3 2 3 3 0l l l l l l l- - + + - + - - + = 
3 23 3 9 0l l l- + + - =

 
3 2 3 3 9 0l l l- - + =

 
 

By Cayley Hamilton theorem 
3 23 3 9 0A A A I- - + = 
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Multiply by 1A-
 

 
3 1 2 1 1 1 1 3 3 9 0A A A A AA IA A- - - - -\ - - + =

 
2 1 3 3 9 0A A I A-\ - - + =

 
1 21

 3 3
9

A A I A- è ø= + -ê ú                                        éé.(1) 

2

1 1 1 1 1 1 3 0 0

1 1 2 1 1 2 0 6 3

1 2 1 1 2 1 0 3 6

A

- -è øè ø è ø
é ùé ù é ù
= - - =
é ùé ù é ù
é ùé ù é ùê úê ú ê ú

 

1 1 1 1 0 0 3 0 0

3 3 3 1 1 2 3 0 1 0 0 6 3

1 2 1 0 0 1 0 3 6

A I A

-è ø è ø è ø
é ù é ù é ù

+ - = - + -
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú 

2

3 3 3 3 0 0 3 0 0

3 3 3 3 6 0 3 0 0 6 3

3 6 3 0 0 3 0 3 6

A I A

-è ø è ø è ø
é ù é ù é ù

+ - = - + -
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú 

3 3 3

3 0 3

3 3 0

-è ø
é ù
= -
é ù
é ùê ú

 

1 21
3 3

9
A A I A- è ø= + -ê ú  

3 3 3
1

3 0 3
9

3 3 0

-è ø
é ù

= -
é ù
é ùê ú 

1 1 1
1

1 0 1
3

1 1 0

-è ø
é ù

= -
é ù
é ùê ú

 

1

1 1 1
1

1 0 1
3

1 1 0

A-
-è ø

é ù
= -
é ù
é ùê ú

 

 

Check your progress: 

 

1) Find the characteristic polynomial of the matrix. 

 

3 1 1

1 5 1

1 1 3

A

è ø
é ù
= - -
é ù
é ù-ê ú

 
Verify Cayley-Hamilton theorem for this  matrix.  
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Hence find 1A-                                                                      

Ans: 1

7 2 3
1

 1 4 1
20

2 2 8

A-
- -è ø

é ù
=

é ù
é ù-ê ú

 

2) Use Cayley-Hamilton theorem to find inverse of the matrix. 

 

1 1 3

1 3 3

2 4 4

A

è ø
é ù
= -
é ù
é ù- -ê ú

  
       Ans: 

24 8 12
1

 10 2 6
8

2 2 2

è ø
é ù
- - -
é ù
é ù- - -ê ú

 

 

3) Use Cayley-Hamilton theorem to find the inverse of  

 

1 2 4

1 0 3

3 1 2

A

è ø
é ù
= -
é ù
é ù-ê ú

      Ans: 1

3 8 6
1

 A 7 14 7
7

1 5 2

-

-è ø
é ù

= - -
é ù
é ù-ê ú 

 

4) Show that the following matrices satisfy their characteristics 

equation 

  

2 2 1

1 3 1

1 2 2

A

è ø
é ù
=
é ù
é ùê ú

       

1 0 2

0 2 1

2 0 3

A

è ø
é ù
=
é ù
é ùê ú

  

 

5) Using the characteristics equation show that inverse of the matrix 

 

i) 

1 0 2

2 2 4

0 0 2

A

è ø
é ù
=
é ù
é ùê ú

 

ii)  

3 1 1

1 5 1

1 1 3

A

è ø
é ù
= - -
é ù
é ù-ê ú

 

iii)  

2 1 1

1 2 1

1 1 2

A

-è ø
é ù
= - -
é ù
é ù-ê ú

 

 

Ans: 1

3 1 1
1

 1 3 1
4

1 1 3

A-
-è ø

é ù
=
é ù
é ù-ê ú
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4.4  SIMILARITY OF MATRIX   

  

 Two matrix A and B of order nxn over F are said to be similar if 

there exist a non-singular matrix P (invertible matrix) of order nxn such 

that 1B P AP-=  

 

 This transformation of matrix A by a non-singular matrix P to B is 

called a similarity transformation. 

 

Diagonal matrix:  If a square matrix A of order n has linearly independent 

eigen vectors then matrix P can be formed such that 1P AP-   is diagonal 

matrix i.e.  
1D P AP-=  

 

Example 4: 

 

Two similar matrices A and B have the same eign values. 

 

Solutions: 

 

Since A and B are similar, there exists a non-singular matrix P such that 
1B P AP-=  

 

Consider  1B I P AP Il l-- = -  

 
1 1B I P AP P IPl l- -- = -  

  ( )1P A I Pl-= -  

 
1P A I Pl-= -  

 
1A I P Pl -= -  

 
1                                 . 1A I P Pl -= - = 

 
 =  B I A Il l\ - -  

 

Hence the characteristics equation of A and B are the same 

\ A and B have same eigen values. 

 

Example 5: 

Show that 
1 1

0 1
A=  and 

1 0

0 1
B= have same characteristics equations 

but A and B not similar matrices. 

 

Solutions: 

 

Let 
1 1

0 1
A=  and 

1 0

0 1
B=  
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Characteristics equation of A is   0A Il- = 

i.e. ( )
2 2

1 1
 = 1 = 2 1 0

0 1

l
l l l

l

-
\ - - + =

-
 s equation

 
 

\ Characteristics equation of B is  

  0B Il- = 

i.e. ( )
2 2

1 0
 = 1 = 2 1 0

0 1

l
l l l

l

-
- - + =

-
 

 

\ Characteristics equation of A =  Characteristics equation of B 

 

Now we will show that A and B are not similar 

Suppose A B 

 

\ There exist non-singular matrix C such that,  1  0 CB AC-=  

 

Let 
1 0

  
0 2

C
è ø

=é ù
ê ú

 

1 0
  2,   C

0 2
C

è ø
= = \é ù
ê ú

 is non-singular as []  0C=  ̧

1  C-\ exists 

adj 
2 0

 C  
0 1

è ø
=é ù
ê ú 

[]
()1

1 0
2 01 1

C   adj  1
0 12 0

2

C
C

-

è ø
è øé ù= = =é ùé ùê ú

ê ú

 

1

1 0
1 1 1 0

C   1
0 1 0 20

2

AC-

è ø
è ø è øé ù= é ù é ùé ùê ú ê ú

ê ú

 

 

 

1 0
1 0 1 2

  1
0 2 0 10

2

B

è ø
è ø è øé ù= = ¸é ù é ùé ùê ú ê ú

ê ú  
 

Hence A and B are not similar matrices. 

 

Example 6: Let  

2 2 3

 2 1 6

1 2 0

A

- -è ø
é ù

= -
é ù
é ù- -ê ú

, Find similarity to a diagonal matrix. 

Find the diagonal matrix.                                            
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Ans : 

2 0 0

 0 2 0

0 0 8

A

è ø
é ù

=
é ù
é ùê ú

 

 

4.5 CHARACTERISTICS POLYNOMIAL  

 

 Solving the determinant[ ]A Il- , a polynomial is obtained which 

is called as a characteristics polynomial.  

 

For e.g.   

2 1 1

 1 2 1

1 1 2

A

-è ø
é ù

= - -
é ù
é ù-ê ú

 

The characteristics polynomial is given by 

 

2 1 1

 1 2 1

1 1 2

A I

l

l l

l

- -è ø
é ù

´ - = - - -
é ù
é ù- -ê ú

 

( )( ) ( ) ( )
2

2 2 1 1 2 1  +1 1 2l l l lè ø= - - - + - - + - -è ø è øê ú ê úê ú  

( ) 2 3 22 4 3 2 2 6 3 4 l l l l l l l-è ø= - - + + - - + +ê ú  

3 26 9 4l l l= - + - 
 

4.6 MINIMAL POLYNOMI AL  

 

Monic Polynomial: A Polynomial in l, in which the coefficient of the 

highest power of l is unity is called a monic polynomial. 

 

 For  e.g.  
5 4 32 3 6 5l l l l+ + - + is a monic polynomial of degree 

polynomial.  

 

 If a polynomial f annihilates A then a f also  f annihilates. A for 

RaÍ , therefore there exists a monic polynomial annihilating  A. 

 

 If the characteristics roots of the characteristics equation are 

distinct then f (l) = 0 is called minimal equation. 

 

If matrix of order 3x3 are having characteristics root 2,3,3 then,  

( )( )2 3 0l l- - =
 

 

Or ( )( )2 3 0A A- - = is the minimal equation. 
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Hence the degree of the equation is 2 and less than the order of the 

polynomial. 

 

Derogatory Matrix:  A nxn matrix is called derogatory if the degree of its 

minimal polynomial is less than n. 

 

Non-Derogatory Matrix:  A nxn matrix is called non-derogatory if the 

degree of minimal polynomial is equal to n. 

 

Properties of Minimal Polynomial:  

 

(1) There exists a unique minimal polynomial of the  matrix A. 

 

(2) The minimal polynomial of A divides the characteristics 

polynomial of A. 

 

(3) If  l is the root of the minimal polynomial of A then l is also 

characteristics  of root of A. 

 

(4) If the n characteristics  of root of A are distinct then A is non 

derogatory.  

 

Example 7:  

 

Check whether the following matrix is derogatory or  non derogatory also 

find its minimal polynomial. 

 

i) 

2 2 3

 1 1 1

1 3 1

A

-è ø
é ù

=
é ù
é ù-ê ú

 

 

Solution: 

 

The characteristics polynomials of matrix A is  

 

2 2 3

 1 1 1

1 3 1

A I

l

l l

l

- -è ø
é ù

- = -
é ù
é ù- -ê ú 

( )

( )

3 2sum of  diagonal element of  A

sum of  minor of  diagonal element of  A A

l l

l

= - +

-  

[ ]3 2

2 2 3
2 1 1 1 2 3

2 1 1 1 1 1
1 1 3 1 1 1

1 3 1

l l l-

-
è - ø

= + - + + + -é ù
- -ê ú -

 

[ ] ( )3 22 4 4 5 6l l l\ - + - - - -
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3 22 5 6l l l\ - - +
 

( )( )( )2 1 3l l l\ + - -
 

 

\The characteristics roots are -2, 1 and 3 which are distinct.  

 

Therefore matrix A is non-derogatory.  

 

ii)  

2 1 1

 2 3 2

3 3 4

A

è ø
é ù

=
é ù
é ùê ú

 

 

Solution: 

 

The characteristics polynomials of matrix A is  

 

2 1 1

 2 3 2

3 3 4

A I

l

l l

l

-è ø
é ù

- = -
é ù
é ù-ê ú 

( )

( )

3 2sum of  diagonal element of  A

sum of  minor of  diagonal element of  A A

= - +

-

l l

l
 

[ ]3 2

2 1 1
3 2 2 1 2 1

2 3 4 2 3 2
3 4 3 4 2 3

3 3 4

l l-
è ø

= + + + + + -é ù
ê ú

 

[ ]3 29 6 5 4 7l l l= - + + + - 

3 29 15 7l l l= - + - 

( )( )( )1 1 7l l l= - - -
 

 

\The characteristics roots are 1, 1 and 7 which are not distinct.  

 

Therefore matrix A is derogatory. 

 

Example 8:  

 

Show that the matrix A is derogatory also find its minimal polynomial. 

 

1 6 4

 0 4 2

0 6 3

A

- -è ø
é ù

=
é ù
é ù- -ê ú

 

Solution: 

 

The characteristics polynomials of matrix A is  
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1 6 4

 0 4 2

0 6 3

A I

l

l l

l

- - -è ø
é ù

- = -
é ù
é ù- - -ê ú 

( )

( )

3 2sum of  diagonal element of  A

sum of  minor of  diagonal  of  matrix A A

l l

l

= - +

-  

[ ]3 2

1 6 4
4 2 1 4 1 6

1 4 3 0 4 2
6 3 0 3 0 4

0 6 3

l l l-

- -
è - - ø

= + - + + + -é ù
- - -ê ú - -

 

[ ]3 22 0 3 4 0l l l= - + - + -
 

3 22l l l= - + 
2( 2 1)l l l= - +

 

( )( )1 1l l l= - -
 

 

\The characteristics roots are 0, 1 & 1   which are not distinct.  

 

Therefore matrix A is derogatory matrix.  

 

But we know that characteristic root of A is root of minimal polynomial. 

 

() ( ) 21 .f l l l l l\ = - = -
 

 

Now check whether  ()f l= .annihilated matrix A. 

() 2f A Al\ = = 

2

1 6 4 1 6 4

.  0 4 2 0 4 2

0 6 3 0 6 3

A A A

- - - -è øè ø
é ùé ù

= =
é ùé ù
é ùé ù- - - -ê úê ú 

1 6 4

 0 4 2

0 6 3

- -è ø
é ù

=
é ù
é ù- -ê ú 

2

1 6 4 1 6 4

 0 4 2 0 4 2

0 6 3 0 6 3

A A

- - - -è ø è ø
é ù é ù

- = -
é ù é ù
é ù é ù- - - -ê ú ê ú 

2  0A A- =

 () f  0A\ =
 

\ The minimal of polynomial of A is  () 2f  l l l= -
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& degree of polynomial is 2 which is less than 3  

Hence matrix A is derogatory. 

 

Example 9:  

 

Find the minimal polynomial and show that it is derogatory matrix. 

 

Where, 

2 2 1

 1 3 1

1 2 2

A

è ø
é ù

=
é ù
é ùê ú 

Solution: 

 

The characteristics polynomials of matrix A is  

 

2 2 1

 1 3 1

1 2 2

A I

l

l l

l

-è ø
é ù

- = -
é ù
é ù-ê ú 

( )( )( ) [ ] ( )2 3 2 2 2 2 1 1 2 3l l l l l= - - - - - - - + - +è øê ú  

( ) [ ]22 5 6 2 2 1 1l l l l lè ø= - - + - - - + + -ê ú  
3 2 25 4 2 10 8 3 3l l l l l l=- + - + - + - -

 
3 27 11 5l l l=- + - +

 
( )( )( )1 1 5l l l= - - -

 
 

\The characteristics roots of matrix A are 1, 1 and 5.  

 

 roots are.  

 

\The matrix A is derogatory.  

 

But we know that characteristics root of A is also a root of its minimal 

polynomial. 

 

()( )( ) 21 5 6 5f l l l l l=\ = - - = - +
 

 

Now check whether ()f l  annihilated matrix A i.e. 

() 2 6 5 0..............( )f A A A I I= - + =
 

2

7 12 6 2 2 1 1 0 0

6 5  6 13 6 6 1 3 1 5 0 1 0

6 12 7 1 2 2 0 0 1

A A I

è ø
é ù

- + = - +
é ù
é ùê ú  
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7 12 6 12 12 6 5 0 0

 6 13 6 6 18 6 0 5 0

6 12 7 6 12 12 0 0 5

è ø
é ù

= - +
é ù
é ùê ú  

                      

() f  0A\ =

 \ The  minimal of polynomial of A is  () 2f  6 5l l l= - +

 
 

And degree of polynomial is 2 which is less than 3  

 

\The matrix A is derogatory. 

 

Check Your Progress: 

 

(1) Show that the following matrices are derogatory and hence find the 

minimal polynomial. 

 

(i)  

1 2 3

 0 2 3

0 0 3

A

è ø
é ù

=
é ù
é ùê ú     

Ans: 2 3 2 0l l- + = 

(ii)  

2 1 1

 0 3 2

2 4 3

A

-è ø
é ù

= -
é ù
é ù-ê ú     

Ans: 2 0l l- = 

(2) Check whether the following matrix is derogatory or non- 

derogatory  also find the minimal polynomial. 

(i)  

1 3 0

 3 2 1

0 1 1

A

è ø
é ù

= - -
é ù
é ù-ê ú     

Ans: Non ï derogatory 

(ii)  

2 1 0

 0 2 0

0 0 2

A

è ø
é ù

=
é ù
é ùê ú     

Ans: Derogatory 

 

4.7 COMPLEX  MATRICES  
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Z =x+iy is called a complex number, where 1i= -and ,x y RÍ  and 

Z x iy= -  

 

is called a conjugate of the complex number Z 

 

Let A be a mxn matrix having complex numbers as its elements, then the 

matrix is called a complex matrix. 

 

Conjugate of a Matrix:  

 

The matrix of order mxn is obtained by replacing the elements by their 

corresponding conjugate elements, is called conjugate of a matrix. It is 

denoted by A    

For e.g. 
2 3 1 3

2 1 2 2 3

i i
A

i i

- -
=
+ -

 

2 3 1 3

2 1 2 2 3

i i
A

i i

+ +
=
- + - -

  

Properties of conjugate of matrix: 

(1) ()A A=  

(2) A B A B+ = + 

(3) ( ) .AB A B=  

 

Conjugate Transpose: 

 

Transpose of  the conjugate matrix A is called conjugate transpose. It is 

denoted by Aq. 

 

For e.g. 
1 1

3 2 3 2

i i
A

i i

+ -
=

+ -

 

1 1

3 2 3 2

i i
A

i i

-
=

- + - -
 then 

1 3

2

1 3 2

i

A i i

i

q

-è ø
é ù
= - +
é ù
é ù- -ê ú 

 

Properties of Transpose of Conjugate of a matrix: 

(1) ( )A A
q

q =   

(2) ( )A B A B
q q q+ = + 

(3) ( ) .AB B A
q q q=

 

 

Hermitian matrix:  
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A square matrix A is called Hermitian matrix if A=Aq i.e. A= ij m n
A a

³
è ø=ê ú

is Hermitian if 
ij jia a= "i and j. 

 

Example 10: 

Show that the matrix 

1 2 3

2 3

3 3

i i

A i i

i i

- -è ø
é ù
= + -
é ù
é ù+ê ú

is Hermitian 

Solution: 

 

Here 

1 2 3

2 3

3 3

i i

A i i

i i

- -è ø
é ù
= + -
é ù
é ù+ê ú 

1 2 3

2 3

3 3

i i

A i i

i i

+ +è ø
é ù
= -
é ù
é ù- -ê ú 

1 2 3

2 3

3 3

i i

A i i

i i

q

- -è ø
é ù
= + -
é ù
é ù+ê ú 

A Aq\ =

 
 

Hence by definition  A is Hermitian matrix. 

 

Skew Hermitian Matrix:  

 

A Square matrix A such that  A Aq=- is called a Skew Hermitian Matrix. 

i.e. if ij m n
A a

³
è ø=ê úis  Skew Hermitian if ij jia a=- "i and j. 

Here ija  = purely imaginary or 

 

re ija  = 0. 

 

Example 11: 

Show that the matrix 

2 5 6

5 0

6 0

i i i

A i i

i i

+ +è ø
é ù
= - + -
é ù
é ù- + -ê ú

 is called a Skew Hermitian 

Matrix. 

 

Solution: 

Here 

2 5 6

5 0

6 0

i i i

A i i

i i

+ +è ø
é ù
= - + -
é ù
é ù- + -ê ú 
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2 5 6

5 0

6 0

i i i

A i i

i i

- - -è ø
é ù
= - -
é ù
é ù- -ê ú 

2 5 6

5 0

6 0

i i i

A i i

i i

q

- - - - -è ø
é ù
= -
é ù
é ù-ê ú 

2 5 6

5 0

6 0

i i i

A i i

i i

q

+ +è ø
é ù

=- - + -
é ù
é ù- + -ê ú 

ɗHence A = -A\

 
 

\The matrix  A is Skew Hermitian Matrix. 

 

Note:  

 

Let A be a square matrix expressed as B+iC where B and C  are Hermitian 

and Skew Hermitian Matrices respectively. 

 

( ) ( )
1 1

2 2
A A A i A A B iC

i

q qè ø è ø
= + + - = +é ù é ù
ê ú ê ú

 
( )

1

2
B A Aq= +  and  ( )

1

2
C A A

i

q= -
 

 
Unitary Matrix:  

 

A square matrix A is said to be unitary matrix if 1A Aq =

 
 

Example 12: 

Show that the matrix  
1 3 21

1 2 315

i i
A

i i

- + - -è ø
= é ù

- - -ê ú
 is Unitary matrix. 

 

Solution: 

 

Here 
1 3 21

1 2 315

i i
A

i i

- + - -è ø
= é ù

- - -ê ú
 1 3 1 21

2 315

i i
A

i i

q
- - +è ø

= é ù
- + - +ê ú

 1 3 2 1 3 1 21

1 2 3 2 315

i i i i
AA

i i i i

q
- + - - - - +è øè ø

= é ùé ù
- - - - + - +ê úê ú
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15 0 1 01

0 15 0 115
I

è ø è ø
= = =é ù é ù
ê ú ê ú

 
AA Iq\ =

 
 

\Hence A is Unitary  Matrix. 

 

Example 13: 

Express the matrix, 

2 1 3 3

1 2

1 3 5

i i

A i i i

i

+ -

= - +

+ -

 As the Hermitian Matrix  and 

Skew Hermitian Matrix. 

 

Solution: 

Let  

2 1 3 3

1 2 ......( )

1 3 5

i i

A i i i I

i

+ -

= - +

+ -
 

2 1 3 3

1 2

1 3 5

i i

A i i i

i

- +

= - + -

- -
 

2 1 1

1 1 3 ......( )

3 3 2 5

i i

A i II

i i

q

+ - -

= + -

+ -
 

 

Adding I and II we get 

 

2 1 3 3 2 1

1 2 1 1 3

1 3 5 3 3 2 5

i i i i i

A A i i i i

i i i

q

+ - + - -

+ = - + + + -

+ - + -
 

4 1 4 4

1 2 1

4 4 1 10

i i

i i

i i

- -

= + -

+ - -
 

( )
4 1 4 4

1 1
1 2 1 ......( )

2 2
4 4 1 10

i i

B A A i i III

i i

q

- -

= + = + -

+ - -
 

also  ( )
2 1 3 3 2 1

1 2 1 1 3

1 3 5 3 3 2 5

i i i i i

A A i i i i

i i i

q

+ - + - -

- = - + - + -

+ - + -
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2 1 2 2

1 2 5

2 2 5 0

i i i

i i

i i

+ -

= - - +

- - - -
 

 

( )
2 1 2 2

1 1
1 2 5 ......( )

2 2
2 2 5 0

i i i

A A i i IV

i i

q

+ -

- = - - +

- - - -
 

 
Now, A=B+iC 

 

4 1 4 4 2 1 2 2
1 1

1 2 1 1 2 5
2 2

4 4 1 10 2 2 5 0

i i i i i

A i i i i

i i i i

- - + -

= + - + - - +

+ - - - - - -
 

 

Example 14: 

Prove that the matrix, 
11

12

i
A

i
=

- -

 Solution: 

Let
11

12

i
A

i

è ø
= é ù

- -ê ú
 11

12

i
A

i

q è ø
= é ù

- -ê ú
 1 11 1

1 12 2

i i
A A

i i

q è ø è ø
= ³é ù é ù

- - - -ê ú ê ú
 2

2

11

2 1

i i i

i i i

è ø- -
= é ù
- + - +ê ú

 
2 0 1 01

0 2 0 12
I

è ø è ø
= = =é ù é ù
ê ú ê ú

 
AA Iq\ =

 
 

Hence A is Unitary. 

 

Check Your Progress: 

 

(1) Show that the following matrices are Skew ïHermitian. 

 

(i)

2 2 3

2 4 6

3 6 0

i

A i

-è ø
é ù
= - -
é ù
é ùê ú

         (ii)

4 1 2 2

1 5

2 2 5 3

i i i

A i i i

i i i

+ +è ø
é ù
= -
é ù
é ù- -ê ú 

(2) Show that the following matrices are Unitary matrices. 
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 (i)
1 11

1 13

i
A

i

+è ø
= é ù

- -ê ú
      (ii)

1 11

1 12

i i
A

i i

+ - +è ø
= é ù

+ -ê ú 

(3) If A is Hermitian matrix, then show that iA is Skew- Hermitian 

matrix. 

 

4.8 LET US SUM UP 

 

In this chapter we have learn 

× Cayley Hamilton theorem & it application like Higher power of 

matrix & Inverse of matrix. 

× Minimal .polynomial & derogatory & non-derogatory matrix. 

× Complex matrix. 

× Hermitian matrix.  i.eA Aq=  

× Skew Hermitian matrix. i.eA Aq=- 

× Unitary matrix= .AA Iq=  

 

 4.9 UNIT END EXERCISE 

 

1. Show that the given matrix A satisfies its characteristics equation. 

i) 

1 2 2

1 3 0

0 2 1

A

-è ø
é ù
= -
é ù
é ù-ê ú

 

ii)  

2 4 3

0 1 1

2 2 1

A

è ø
é ù
= -
é ù
é ù-ê ú

 

iii)  

1 3 7

4 2 3

1 2 1

A

è ø
é ù
=
é ù
é ùê ú

 

 

2. Using Cayley Hermitian theorem find inverse of the matrix A. 

 

i) 

2 1 1

1 2 1

1 1 2

A

- -è ø
é ù
= - -
é ù
é ù-ê ú

 

ii)  

1 1 3

1 3 3

2 4 4

A

è ø
é ù
= -
é ù
é ù- - -ê ú
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3. Calculate 5A  by Cayley Hamilton Theorem if
1 4

2 3
A
è ø
=é ù
ê ú

 

4. Let

2 2 3

2 1 6

1 2 0

A

- -è ø
é ù
= -
é ù
é ù-ê ú

 . Find a similarity transformation that 

diagonalises  matrix A. 

 

5. Let 

6 2 2

2 3 1

2 1 3

A

-è ø
é ù
= - -
é ù
é ù-ê ú.

Find matrix P such that is diagonal matrix 

 

6. Diagonalise the matrix 

1 0 1

1 2 1

2 2 3

-è ø
é ù
é ù
é ùê ú

 

 

7. For the matrix

4 1 0

1 4 1 .

0 1 4

A

è ø
é ù
=
é ù
é ùê ú

 

Determine a matrix P such that is diagonal matrix. 

 

8. If show that is Hermitian matrix. 

 

9. Show that the following matrix are skew Hermitian matrix. 

 

i) 

2 3 4

3 3 5

4 5 4

i

A i

i

-è ø
é ù
= -
é ù
é ù-ê ú   

 

ii)  

0 1 2 3

1 0 6

2 3 6 0

i i

i i

i i

- +è ø
é ù
= - -
é ù
é ù- +ê ú

 

 

10. Show that the following matrix are unitary matrix 

 

i) 

1 1

2 2

1 1

2 2

i i

A
i i

+ - +è ø
é ù
=é ù
+ -é ù
é ùê ú
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ii)  2

2

1 1 1
1

1
3

1

A w w

w w

è ø
é ù

=
é ù
é ùê ú

 

 

11. Prove that a real matrix is unitary if it is orthogonal. 

 

12. Check whether the following matrix is derogatory or non-

derogatory. 

i) 

2 2 3

2 1 6

1 2 0

A

- -è ø
é ù
= -
é ù
é ù- -ê ú   

 

ii)  

1 0 1

1 2 1

2 2 3

A

-è ø
é ù
=
é ù
é ùê ú

 

iii)  

1 2 3

2 4 6

3 6 9

A

è ø
é ù
=
é ù
é ùê ú

 

iv) 

2 0 1

0 3 0

1 0 2

A

è ø
é ù
=
é ù
é ùê ú

 

v) 

1 1 3

1 5 1

3 1 1

A

è ø
é ù
=
é ù
é ùê ú

 

vi) 

5 0 1

0 2 0

1 0 5

A

è ø
é ù
= -
é ù
é ùê ú

 

vii)  

2 2 1

1 3 1

1 2 2

A

è ø
é ù
=
é ù
é ùê ú

 

viii)  

9 4 4

8 3 4

16 8 7

A

-è ø
é ù
= -
é ù
é ù-ê ú

 

ix) 

3 10 5

2 3 4

3 5 7

A

è ø
é ù
= - - -
é ù
é ùê ú
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13. Show that the following matrix is derogatory also find minimal 

polynomial. 

i) 

2 2 2

1 1 1

1 3 1

A

-è ø
é ù
=
é ù
é ù-ê ú

 

ii)  

3 10 5

2 3 4

3 5 7

A

è ø
é ù
= - - -
é ù
é ùê ú

 

iii)  

2 2 3

2 1 6

1 2 0

A

- -è ø
é ù
= -
é ù
é ù- -ê ú

 

 

 

*****  
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5 
VECTOR CALCULAS  
 
 

UNIT STRUCTURE   

5.0    Objectives 

5.1    Introduction 

5.2 Vector differentiation  

5.3 Vector operator Ð
 

 5.3.1 Gradient 

 5.3.2 Geometric meaning of gradient 

 5.3.3 Divergence 

 5.3.4 Solenoidal function 

 5.3.5 Curl 

 5.3.6 Irrational field  

5.4 Properties of gradient, divergence and curl       

5.5 Let Us Sum Up 

5.6  Unit End Exercise 

 

 5.0 OBJECTIVES  

 

After going through this unit, you will be able to  

¶ Learn vector differentiation. 

¶ Operators, del, grad and curl. 

¶ Properties of operators 

 

 5.1 INTRODUCTION  

 

Vector algebra deals with addition, subtraction and multiplication of 

vertex. In vector calculus we shall study differentiation of vectors 

functions, gradient, divergence and curl. 

 

Vector: 

Vector is a physical quantity which required magnitude and direction both.  

 

 

 

Unit Vector:  
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Unit Vector is a vector which has magnitude 1. Unit vectors along co-

ordinate axis are Ĕi  and Ĕ j , Ĕk  respectively. 

 

ĔĔ Ĕ 1 i   =  j  =  k  = 
 

 

Scalar Triple Vector: 

 

Scalar triple product of three vectors is defined as  ( )a. b c  or a b c è ø³
ê ú. 

Geometrical meaning of a b c è ø
ê ú

 is volume of parallelepiped with cotter 

minus edges a, b andc . 

 

We have,   

 

a b c  =  b c a  = c a b  

a b c  = -   b a c 

è ø è ø è ø
ê ú ê ú ê ú

è ø è ø
ê ú ê ú  
 

Vector Triple Product:  

 

Vector triple product of a b and c  is cross product of a  and ( )b  c³ i.e. 

( )a b  c³ ³  or cross product of  ( )a  b³  and c  

 

( ) ( ) ( )

( ) ( ) ( )

 a  b  c  = a . c  b  a . b  c

   a  b   c = a . c  b  b . c  a

\ ³ ³ -

³ ³ -
 

 

Remark : Vector triple product is not associative in general 

  

i.e. ( ) ( ) a  b  c   a  b   c\ ³ ³ ¸ ³ ³ 

 

Coplanar Vectors: 

Three vectors a, b and c  are coplanar if a b cè ø
ê ú

 = 0 for 

a   0 , b   0 , c   0¸ ¸  ̧

 

5.2 VECTORS DIFFERENTIATION  

 

Let v  be a vector function of a scalar t. Let vµ  be the small increment in 

a corresponding to the increment tµ in t. 

 

Then,  
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( )

( )

v  v t + t  - v(t)

v t + t  - v(t)v
 = 

t t

µ = µ

µµ

µ µ
 

 

Taking limit tµ        0 we get, 

 

( )

( )

( )

t 0 t 0

t 0 t 0

t 0

v t + t  - v(t)v
lim   = lim  

t t

v t + t  - v(t)dv v
 = lim   = lim  

dt t t

v t + t  - v(t)dv
 = lim  

dt t

µ ­ µ ­

µ ­ µ ­

µ ­

µµ

µ µ

µµ

µ µ

µ

µ

 

 

Formulas of vector differentiation: 

 

(i) ( ) [ ]
d dv

 = k v  = k  k is a constant
dt dt  

 

(ii) ( )
d du dv

 u + v =   
dt dt dt

+
 

 

(iii) ( )
d dv du

 u . v = u .   v .
dt dt dt

+
 

 

(iv) ( )
d dv du

 u  v = u      v
dt dt dt

³ ³ + ³
 

 

(v) If  1 2 3
Ĕ Ĕ Ĕv  v i + v j + v k=

 
 

Then,  

31 2
dvdv dvdv Ĕ Ĕ Ĕ   i +  j +  k  

dt dt dt dt
=

 

 

Note:  

 

If 
 

Ĕ Ĕ Ĕr  xi + yj + zk=
  
then r = r  2 2 2= x y  z  + +  

 

Example  1:  

If
  

( ) ( ) ( )2 2Ĕ Ĕ Ĕr  t + 1  i + t  + t - 1  j + t  - t + 1  k=  find 
dr

dt
 and 

2d r

dt
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Solution:ï  

( ) ( ) ( )

( ) ( )

2 2

2

2

Ĕ Ĕ Ĕr  t + 1  i + t  + t - 1  j + t  - t + 1  k

dr Ĕ Ĕ Ĕ i + 2t + 1  j +  2t - 1  k
dt

d r Ĕ Ĕ 2j + 2 k
dt

=

=

=

 

 

Example 2:  

 If
  

r  a cos wt + b sin wt=  where w is constant show that  

( )
dr

r   = w a  b
dt

³ ³  and 
2

2

d r
 = -w r

dt
  

 

Solution: ï  

r  a cos wt + b sin wt------------ (i)=
 

( ) ( )

dr
 a cos wt + b sin wt------------ (ii)

dt

dr
 r   a cos wt + b sin wt    -aw sin wt + bw cos wt

dt

=

\ ³ = ³
 

( ) ( )

( ) ( )

( )

2 2

2 2

2 2

 a  a = 0
       a  b  w cos wt   b  a  w sin  wt           

    b  b = 0  

 b  a = 0
       a  b  w cos wt   a  b  w sin  wt           

    = -a  b  

       a  b  w cos wt  sin

è ø³
= ³ - ³ é ù

³ê ú

è ø³
= ³ + ³ é ù

³ê ú

= ³ +

( ) ()

( )

 wt  

       a  b  w 1 

      w a  b 

è øê ú

= ³

= ³

  

 

Again differentiating eqn (ii) w.r.t. ótô 

 

( )

2
2 2

2

2

2

d r
 -a w cos wt - b w sin wt

dt

     =  -w  a cos wt + b sin wt

     -w r  from (i)

=

=

 

 

Example  3. Evaluate the following: 

 

i) 
d

 a    b    c
dt

è ø=ê ú  
   

 
ii)

  

2

2

d da d a
 a       

dt dt dt

è ø
=é ù
ê ú
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Solution: ï  i) 
d

 a    b    c
dt

è ø=ê ú  
 

 

( )

( ) ( )

( )

( )

d
  =   a  .  b  c

dt

d da
 =  a .  b  c  + b  c  . 

dt dt

dc db da
 =  a . b   +  c  + b  c  . 

dt dt dt

dc db da
 =  a . b   + a .   c  + b  c  . 

dt dt dt

è ø³
ê ú

³ ³

å õ
³ ³ ³æ ö

ç ÷

å õå õ
³ ³ ³æ öæ ö

ç ÷ ç ÷

 

dc db da
 =  a  b   +  a    c  +   b  c  

dt dt dt

è øè ø è ø
é ùé ù é ù

ê ú ê úê ú  
 

Solution: ï  ii)

 

2

2

d da d a
 a       

dt dt dt

è ø
=é ù
ê ú  

 

3 2 2 2

3 2 2 2

da d a d a d a da d a da
 =  a     +   a   c   +      

dt dt dt dt dt dt dt

è ø è ø è ø
é ù é ù é ù
ê ú ê ú ê ú

 
(From Result i) 

3

3

3

3

da d a
 = a    + 0 + 0 

dt dt

da d a
 = a  .   

dt dt

è ø
é ù
ê ú

è ø
é ù
ê ú

 

 

Example  4. Evaluate the following: ( )
d

 =  a  b   c 
dt

è ø³ ³
ê ú

 

Solution: ( )
d

 =  a  b   c 
dt

è ø³ ³
ê ú

 

( ) ( )

( )

( )

dc d
= a  b     + a  b   c

dt dt

dc db da
= a  b     + a   +  b   c

dt dt dt

dc db da
= a  b     + a     c +   b   c 

dt dt dt

³ ³ ³ ³

å õ
³ ³ ³ ³ ³æ ö

ç ÷

å õ å õ
³ ³ ³ ³ ³ ³æ ö æ ö

ç ÷ç ÷

 

 

Example 5.  Show that
2

Ĕdr
Ĕr  

Ĕdr dtĔ r   = 
dt r

³

³ , where 
r 

Ĕ r  = 
r
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Solution  : We have
 

r 
Ĕ r  = 

r
 

2

2

Ĕdr d r 
      

dt dt r

dr dr
r  - r

dt dt      
r

1 dr r dr
       

r dt r dt

å õ
\ = æ ö

ç ÷

=

= -

 

 

L.H.S. 
r 

Ĕ r  = 
r

 

2

2

r 1 dr r dr
       

r r dt r dt

r 1 dr r r dr
       

r r dt r dt

å õ
= ³ -æ ö

ç ÷

³
= ³ -

 

[ ]2

2

r dr
       0                              r r0 

r dt

dr
r  

dt   
r

  R.H.S

= ³ - ³ =

³

=

=  
 

Example 6. If 3 3

2

1
 r  = t  i + 2t  -  j

5t

å õ
æ ö
ç ÷

. Then show that  
dr Ĕ r     = k
dt

³

 
Solution:  

3 3

2

2 2

3

1
 r  = t i + 2t  j

5t

dr 2
  3t i + 6t  j

dt 5t

å õ
-æ ö

ç ÷

å õ
= +æ ö

ç ÷
 

 

L.H.S. 

3 3

2

2 2

3

i j k

dr 1
r  t 2t 0

dt 5t

2
3t 6t 0

5t

³ = -

+
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() () 3 2 2 3

3 2

5 5

2 1
     i 0  - j 0  + k t 6t  - 3t 2t

5t 5t

2 3
    k 6t 6t  

5 5

Ĕ    k 

   R. H. S.

è øå õ å õ
= + -æ ö æ öé ù

ç ÷ ç ÷ê ú

è øå õ
= + - +æ öé ù

ç ÷ê ú

=

=

 

 

Example  7. If   
mt mt r  = a e  + b e- . Show that  

2
2

2

d r 
  = n r

dt
 

Solution: 

( )

mt mt

mt mt

2
2 mt 2 mt

2

2 mt mt

2

 r  = a  e  + b e .......................................................(i)

dr
m a  e  - m b e

dt

d r
m  a  e  + m  b e

dt

       m  a  e  +  b e

       m  r                                  

-

-

-

-

=

=

=

=

2
2

2

                                  (from (i))

d r
 m  r  

dt
=

 

 

Check your progress: 

 

(1) If 
du

   = w u
dt

³  and
dv

   = w v
dt

³    

Show that ( ) ( )
d

  u  v  = w u  v
dt

³ ³ ³
 

 

(2) If ( ) ( )2 3 2 Ĕ r  = t i 3t - t  j + 7t + 1  k+

  

Find 
2

2

dr d r
,  

dt dt
 

 

(3)  If:

 

 ( )Ĕ Ĕ Ĕ r  = t i t j + st - 1  k ,-

  

Find 
2 2

2 2

dr d r dr d r
,  ,   , 

dt dt dt dt
 

 

(4) If ( ) ( )t Ĕ r  = e  i 2cos 3t  j + 7sin  3t  j+

  

Find 
2

2

d r

dt
 at t =  

2

p
 

 

(5) Show that:

 

 
da da

a .  = a 
dt dt

  

where 1 2 3a = a i a j a k+ +  and a is 

magnitude of a . 
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5.3 VECTOR OPERATOR 

 

The vector differential operator Ð

 

is defined as Ĕ Ĕ Ĕ = i j k 
x y z

µ µ µ
Ð + +

µ µ µ
 . 

 

5.3.1 Gradient: 

 

The gradient of a scalar function is denoted by grad f or fÐ  and is 

defined as Ĕ Ĕ Ĕ = i  + j  + k .
x y z

µ µ µ
Ð

µ µ µ

f f f
f  Note that grad f is a vector 

quantity.  

 

5.3.2 Geometric meaning of gradient: 

 

The grad f is a vector right angled to the surface, whose equation is 

( ) x, y,  z  = c,f  where c is constant.  

 

Hence for r  = x i  + y j  + z k  any point on surface   . dr = 0f\ Ð  

  

i.e. fÐ  at is right angles to dr and dr lies on the tangent plane to the 

surface at ()P r .  

 

   dr f\ Ð ^  
 

Geometrically fÐ represents a vector normal to the surface ( ) x,  y, zf  = 

constant. 

 

Example 8: Find grad f, where 2 3 z = x  y  ef    

 

Solution: grad f ( )2 3 zĔ Ĕ Ĕ= i + j + k  x  y  e
x y z

å õµ µ µ
æ ö
µ µ µç ÷

 

 

( ) ( ) ( )

( ) ( ) ( )

( )

2 3 z 2 3 z 2 3 z

3 z 2 2 z 2 3 z

2 z

Ĕ Ĕ Ĕ= i  x  y  e  +  j  x  y  e  + k  x  y  e
x y z

Ĕ Ĕ Ĕ= i 2xy e  +  j 3x  y  e  + k x  y  e

Ĕ Ĕ Ĕ= x y e  2y i +3xj + xyk 

µ µ µ

µ µ µ

 

 

Example 9: If  Ĕ Ĕ Ĕr xi yj  zk= + +  find grad r  

 

 

 

Solution: 
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2 2 2

Ĕ Ĕ Ĕr  = xi + yj + zk

r = x  + y  + z
 

 

Grad r  
2 2 2Ĕ Ĕ Ĕ = i + j + k  x + y + z

x y z

å õµ µ µ
æ ö
µ µ µç ÷

 

( ) ( ) ( )

2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2

Ĕ Ĕ Ĕ= i  x + y + z  +  j  x + y + z  + k  x + y + z
x y z

1 1 1Ĕ Ĕ Ĕ= i 2x  +  j . 2y  + k 2z
2 x + y + z 2 x + y + z 2 x + y + z

x y zĔ Ĕ Ĕ=  i +  j +  k 
r r r

Ĕ Ĕ Ĕxi yj+zk
= 

r

µ µ µ

µ µ µ

+

 

\ grad r =
r

 
r  

 

Example 10: If  Ĕ Ĕ Ĕr xi yj  zk= + +  find grad 
1

  
r

 

Solution: 
 

2 2 2

2 2 2 2

Ĕ Ĕ Ĕr  = xi + yj + zk

r = x  + y  + z

 r  = x  + y  + z

r
    2r  = 2x

x

2r x 2r y 2z z
 ,  ,   
2x r 2y r 2r r

\

µ

µ

\ = = =

 

 

grad 
1

  
r

1Ĕ Ĕ Ĕ = i + j + k    
x y z r

å õµ µ µå õ
æ öæ ö
µ µ µç ÷ç ÷  

2 2 2

2

1 1 1Ĕ Ĕ Ĕ= i    +  j    + k   
x r y r z r

1 r 1 r 1 rĔ Ĕ Ĕ= i    +  j   + k  
r x r y r z

1 r r rĔ Ĕ=  i  +  j  + k 
r x y y

µ µ µå õ å õ å õ
æ ö æ ö æ ö

µ µ µç ÷ ç ÷ ç ÷

å õ- µ - µ - µå õ å õ
æ öæ ö æ ö

µ µ µç ÷ ç ÷ç ÷

è ø- µ µ µ
é ù
µ µ µê ú
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( )

2

2

3

3

1 x y zĔ Ĕ Ĕ=  i + j + k 
r r r r

1 1 Ĕ Ĕ Ĕ= .  xi + yj + zk
r r

1
=  r

r

r
= 

r

- å õ
æ ö
ç ÷

- -

-

-

 

  

Example 11: If  3 22x y y zf= -  find grad f at (1, -1, 2) 

 

Solution:  

grad f  ( )3 2Ĕ Ĕ Ĕ= i + j + k  2x y - y  z
x y z

å õµ µ µ
æ ö
µ µ µç ÷

 

( ) ( ) ( )

( ) ( ) ( )

( )

3 2 3 2 3 2

2 3 2

2 3 2

Ĕ Ĕ Ĕ = i  2x y - y z +  j  2x y - y  z  + k  2x y - y  z
x y z

Ĕ Ĕ Ĕ= i 6x y  +  j 2x  - 2yz  + k - y

Ĕ Ĕ Ĕ= i 6x y +  j 2x  - 2yz  - k  y

µ µ µ

µ µ µ

 

 

At (1, -1, and 2) 

 

grad f   ()( ) () ( )()( ) ( )
2 3 2Ĕ= 6 1 1  i + j 2 1 2 1 2 k 1- - - - - 

( )Ĕ  = 6 i + j 2 4 k

Ĕ  = -6 i + 6j k

+ -

-
 

 

Example 12: Evaluate grad
2re , where  2 2 2 2r  x  y z= + +  

 

Solution : Grad  ( )
2re  

2rĔ Ĕ Ĕ = i + j + k  e
x y z

å õµ µ µ
æ ö
µ µ µç ÷

 

      

( ) ( ) ( )

( )

2 2 2

2 2 2

2 2 2

2

2

r r r

r r r

r r r

r

r

Ĕ Ĕ Ĕ= i  e +  j  e  + k  e
x y z

r r rĔ Ĕ Ĕ= i e . r   +  j e . r   + k e . r
x y z

x y zĔ Ĕ Ĕ= i e . r.   +  j e . r   + k e . r
r r r

Ĕ Ĕ Ĕ= r e xi  + y j  + z k 

= r e r

µ µ µ

µ µ µ

µ µ µ
µ µ µ
µ µ µ

µ µ µ  
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Example 13: Find grad  nr  

 

Solution: grad  nr  
n=  rÐ  

 

n

n n n

Ĕ Ĕ Ĕ= i + j + k  r  
x y z

Ĕ Ĕ Ĕ= i  r  +  j  r   + k  r  
x y z

å õµ µ µ
æ ö
µ µ µç ÷

µ µ µ

µ µ µ

 

      

( )

n 1 n 1 n 1

n 1 n 1 n 1

n 2 n 2 n 2

n 2

n 2

r r rĔ Ĕ Ĕ= i n r   +  j n r   + k n r
x y z

x y zĔ Ĕ Ĕ= i n r   +  j n r   + k n r
r r r

Ĕ Ĕ Ĕ=  i n r x  +  j n r y  + k n r z

Ĕ Ĕ Ĕ= n r xi + yj + zk 

= n r r

- - -

- - -

- - -

-

-

µ µ µ

µ µ µ

 

 

Example 14: Find grad  ( )2 2 2log  x y z+ +  

Solution:  

grad ( )2 2 2log  x y z+ +   2= grad log  r  = grad (2log  r) = 2 grad ( log  r)    

2

Ĕ Ĕ Ĕ= 2 i + j + k  ( log  r)
x y z

Ĕ Ĕ Ĕ=  2 i ( log  r)+ j ( log  r)+ k ( log  r)  
x y z

1 r 1 r 1 rĔ Ĕ Ĕ=   2 i + j + k 
r x r y r z

1 x 1 y 1 zĔ Ĕ Ĕ= 2 i + j + k 
r r r r r r

2 1 yĔ Ĕ Ĕ=  xi +y j +z k 
r r r

å õµ µ µ
æ ö
µ µ µç ÷

å õµ µ µ
æ ö
µ µ µç ÷

å õµ µ µ
æ ö
µ µ µç ÷

å õ
æ ö
ç ÷

å

2

2r
= 

r

õ
æ ö
ç ÷

 

 

Example 15: Show that 
( )

n n n 2

n a. ra. r a
grad  r

r r r +
å õ

= =æ ö
ç ÷

 where 

r   r i +yj + zk=  
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Solution: let  

1 2 3

1 2 3

n

n

a  = a  i + a  j + a  k

 a  .r = a  x + a  y + a  

a. r
 grad 

r

a. r
 

r

\

å õ
\ æ ö

ç ÷

å õ
=Ðæ ö
ç ÷

 

 

( )

1 2 3

n

1 2 3

n

n n 1

1 1 2 3

2n

a  x + a  y + a  z
i j k  

x y z r

a  x + a  y + a  z
now  i  

x r

r
r  a - a  x + a  y + a  z  nr   

x i 
r

-

å õµ µ µå õ
= + +æ öæ ö
µ µ µç ÷ç ÷

µ å õ
\ æ ö
µ ç ÷

µå õ
æ öµ= æ ö
æ ö
ç ÷

 

( )

( )

n n 1

1 1 2 3

2n

n n 1 n 2

1 1 2 3

2n

x
r  a - a  x + a  y + a  z  nr   

r i 
r

r  a - a  x + a  y + a  z  nx  r   
 i 

r

-

- -

å õ
æ ö

= æ ö
æ ö
ç ÷

å õ
= æ öæ ö
ç ÷

 

 

similarly  

( )

( )

1 2 3

n

n n 2

2 1 2 3

2n

a  x + a  y + a  z   Ĕ j  
y r

r  a - a  x + a  y + a  z  ny r   Ĕ j 
r

-

å õµ
= æ ö
µ ç ÷

å õ
= æ öæ ö
ç ÷

 

and  

( )

( )

( )( ) ( )

1 2 3

n

n n 2

3 1 2 3

2n

n

n n 2

1 2 3 1 2 3

2n

a  x + a  y + a  z   Ĕ k  
z r

r  a - a  x + a  y + a  z  nz r   Ĕ k 
r

a  . r
 grad 

r

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕr  a  i + a  j + a  k - a  x + a  y + a  z  nz r xi + yj + zk    
  

r

-

-

å õµ
= æ ö

µ ç ÷

å õ
= æ öæ ö
ç ÷

å õ
\ æ ö

ç ÷

=
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( )

( )

( )

( )

n n 2

2n

n 2n

2n 2n

n

2n n 2

n n 2

ar - n r  r a .r    
 

r

- n a .r r  r  ar   
  - 

r r

n a .r  ar   
  -  r

r r

n a .r  a  
  -  r

r r

-

-

+

+

=

=

=

=

 

 

 

Check your progress: 

 

(1) If  Ĕ Ĕ Ĕr   x i +y j + z k=

 

and r    r =  

 

Show that: 

a) ( ) 2

r
grad log  r   

r
=

 
b) 3grad r   3 r r=

 
c) () ()1 r

grad f r   f  r  
r

=
 

(2) If 2 2 = 4x yz + 3xyz 5xyzf -

  

Find grad f at (3, 2, -1) 

 

(3) Show that  3 5grad r   -3 r  r-=

  

(4) If ( ) 2 2 2F x,  y, z   x  y + z= +

 

Find FÐ  at (1, 1, 1) 

  

(5) Show that  ()f r r 0Ð ³ = where Ĕ Ĕ Ĕr xi + yj + zk=  

 

(6) Find unit vector normal to the surface 2 2 2 2x y z 3a+ + =  at (a, a, a) 

 

[Hint :- Unit vector normal to surface f i.e. 
Ðf

Ðf
] 

 

5.3.1 Divergence: 

 

If v (x, y, z) = 1 2 3
Ĕ Ĕ Ĕv i + v  j + v  k  can be defined and differentiated at each 

point (x, y, z) in a region of space then divergence of v is defined as  

div v =  . vÐ  
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( )

( ) ( ) ( )

1 2 3

1 2 3

Ĕ Ĕ Ĕ         = i j  k  . v  i +v  j + v  k
x y z

         = v  v  v   
x y z

å õµ µ µ
+ +æ ö

µ µ µç ÷

µ µ µ
+ +

µ µ µ

 

 

Example 16 If ( ) ( )2 2 2Ĕ Ĕ ĔF = x y  i + 2xyj + y 2xy  k- - ,

 

find F  

 

Solution:  div F =  . FÐ  

 

( ) ( ){ }

( ) ( ) ( )

2 2 2

2 2 2

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ         = i j  k  . x y i 2xyj + y 2xy k
x y z

         = x y  2xy  y 2xy   
x y z

         = 2x 2x 0

         = 4x

å õµ µ µ
+ + - + -æ ö

µ µ µç ÷

µ µ µ
- + + -

µ µ µ

+ +

 

 

Example 17 Show that  div r   = 3

 

where Ĕ Ĕ Ĕr  = xi + y j +z k  

 

Solution:  div r  

( )

() () ()

          =  . F

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ         = i j  k  . xi + yj + zk
x y z

         = x  y  z   
x y z

         = 1 1 1

         = 3

Ð

å õµ µ µ
+ +æ ö

µ µ µç ÷

µ µ µ
+ +

µ µ µ

+ +

 

 

Example 18 For Ĕ Ĕ Ĕr  = xi + y j +z k show that  ( )n ndiv r  r   = (n+3) r  

where r r=   

 

Solution:  L.H.S. div ( )nr  r ( )n =  . r  rÐ  

( )

( ) ( ) ( )

() () ()

n

n n n

n n 1 n n 1 n n 1

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ         = i j  k  . r xi + yj + zk   
x y z

        = r  x  r  y  r  z   
x y z

r r r
        = r 1  + x nr   + r 1  + y nr   r 1  + z nr  

x y z

- - -

å õµ µ µ
+ +æ ö

µ µ µç ÷

µ µ µ
+ +

µ µ µ

µ µ µ
+

µ µ µ
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( )

( )

n n 1

n n 1

2 2 2

n n 1

2
n n 1

n n

n

r r r
         = 3r  +  nr  x  +  y  + z 

x y z

x y z
         = 3r  +  nr  x.  y.  z.

r r r

x  y  z
         = 3r  +  nr  

r

r
         = 3r  +  nr  

r

        = 3r  +  nr

        = 3 + n r

-

-

-

-

å õµ µ µ
+æ ö

µ µ µç ÷

å õ
+ +æ ö

ç ÷

+ +

        = R.H.S.

 

 

Example 19 Evaluate ()Ĕdiv r where Ĕ Ĕ Ĕr  = xi + y j +z k  

Solution:  We have  
n r
Ĕr  =  

r  

()

() ()

2 2

Ĕ Ĕ Ĕxi + y j +z k
 =   

r

Ĕ         div r

Ĕ   =     . r

Ĕ Ĕ Ĕxi + yj + zkĔ Ĕ Ĕ  = i j  k  .   
x y z r

x y z
        =     

x r y r z r

rr r 1  - y r 1  - x 
yx        =  + 

r r

\

Ð

å õå õµ µ µ
+ + æ öæ öæ öµ µ µç ÷ç ÷

µ µ µå õ å õ å õ
+ +æ ö æ ö æ ö

µ µ µç ÷ ç ÷ ç ÷

µµ

µµ
()

( )

2

2 2 2

2 2 2 2 2 2

3 3 3

2 2 2 2 2 2

3

2 2 2 2

3

r
r 1  - z 

z 
r

x y zr - x r - y r - z 
r r r       =  +  

r r r

r  - x  r  - y r  - z  
        =  +  

r r r

r  - x +r  - y r  - z  
       = 

r

3r  - x + y z  
      = 

r

µ

µ+

å õ
æ ö
ç ÷ +

+

+

+
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2 2

3

3r  - r  
          = 

r

2 
           = 

r

 

 

Example 20  If 2 3 4F = x  y  z  Find div (grad F) 

 

Solution: grad F   

( )

( )

( ) ( ) ( )

2 3 4

3 4 2 4 2 3 3

3 4 2 2 4 2 3 3

3 4 2 2 4 2 3 3

   =    F

Ĕ Ĕ Ĕ   =   i  j  k   x  y  z   
x y z

Ĕ Ĕ Ĕ  = 2xy z  i + 3y z  j + 4x y z  k

 div (grad F)    

Ĕ Ĕ Ĕ=   . 2xy z  i + 3y x z  j + 4x y z  k    

=   2xy z  + 3y  x  z  + 4 x y  z
x y z

=

Ð

å õµ µ µ
+ +æ ö

µ µ µç ÷

\

Ð

µ µ µ

µ µ µ

3 4 2 4 2 3 2   2xy z  + 6x y z  + 12 x y  z   

 

 

Example 21  Find the value of div ( ) na  r  r³  where a  is a constant 

vector and Ĕ Ĕ Ĕr  = xi + y j +z k  

 

Solution:  div ( ) na  r  r³
 

( ){ }

( ){ } ( ) ( )

( )

n

n n

n n 1

Ĕ =   i  . a   r  r   
x

Ĕ = i .  . a   r r a   r   r
x x

r rĔ=  i . a   r a   r n r     
x x

a
                                                                         

x

-

µ
³

µ

è øµ µë û
³ + ³ì üé ù

µ µí ýê ú

è øµ µå õ
³ + ³æ öé ù
µ µç ÷ê ú

µ

µ

ä

ä

( ) ( )

( ) ( )

( )( ) ( )
( )

n n 1

n n 2

n 2

n 2

0          

xĔ Ĕ=  i . a   i r a   r n r    
r

Ĕ Ĕ= i . a   i r nx r  a   r

Ĕ Ĕ Ĕ= nr x i a   r                                             i. a   i  = 0 

Ĕnr a   r  x i 

-

-

-

-

è ø
=é ù

ê ú

è ø
³ + ³é ù

ê ú

è ø³ + ³
ê ú

è ø³ ³
ê ú

= ³

ä

ä

ä

ä
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( )

( )

()

n 2

n 2

n 2

Ĕnr a  r  r                                                       xi r

nr a   r  . r

nr 0

0    

-

-

-

è ø= ³ =
ê ú

è ø= ³ê ú

=

=

ä

 

 

5.3.4 Solenoidal Function: A vector function F is called Solenoidal if 

div F = 0 at all points of the function. 

 

5.3.5 Curl: The curl of a vector point function F is defined as curl 

F  F= Ð³ if  1 2 3
Ĕ Ĕ ĔFi + F j +F k. 

 

( )

( )1 2 3

 curl F    F

                 F

Ĕ Ĕ Ĕ Ĕ Ĕ Ĕ              =   i j  k   F i + F j +F k
x y z

= Ð ³

= Ð ³

å õµ µ µ
+ + ³æ ö

µ µ µç ÷

 

1 2 3

3 32 1 2 1

Ĕ Ĕ Ĕi j k

             =   
x y z

F F F

F FF F F FĔ Ĕ Ĕ           =  i  - j   + k             
y z x z x y

µ µ µ

µ µ µ

å õ å õµ µµ µ µ µå õ
- - -æ ö æ öæ ö

µ µ µ µ µ µç ÷ç ÷ ç ÷

 

 

The curl of the linear velocity of any particle of rigid body is equal to 

twice the angular velocity of body. 

 

i.e. if 1 2 3
Ĕ Ĕ Ĕw = w i + w j +w k

 
be the angular velocity of any particle of the 

body with position vector defined as Ĕ Ĕ Ĕr = xi + yj +zk
 
then linear velocity 

v = w  r ³ . 

 

Hence
 
curl

 
v     v= Ð ³ 

 

( )

( ) ( ) ( )

1 2 3

2 3 1 3 1 2

=   w  r  

Ĕ Ĕ Ĕi j k

=  w w w

x y z

Ĕ Ĕ Ĕ=   i w z -w y j w z -w x k w y -w x

Ð ³ ³

Ð ³

è øÐ ³ - +
ê ú
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( ) ( ) ( )

2 3 3 1 1 2

1 1 2 2 3 3

1 2 3

Ĕ Ĕ Ĕi j k

=  
x y z

w z -w y w x -w z w y -w x

Ĕ Ĕ Ĕ=  i w  + w j w  -w k w  + w

Ĕ Ĕ Ĕ= 2w i 2w j 2w k 

= 2w

 curl v = 2w

µ µ µ
Ð ³

µ µ µ

- - +

+ +

\

 

 

5.3.6 Irrotational field:  

 

A vector point function F is called irrotational if F  0= at all points of the 

function.  

 

Example 22 Find curl (curl F)  If 2 Ĕ Ĕ ĔF = x  y i -2 x z j 2 y z k+  at (1, 0, 2) 

 

Solution:  Curl F 

( ) ( )

( ) ( )

( ) () ( ) ( )

()

2

2

2

2

2 2

Ĕ Ĕ Ĕi j k

= 
x y z

x y 2xy 2yz

Ĕ Ĕ= 2z +2x i 2z -x  k

Ĕ curl  curl (F) =   2z + 2x i + 0j + 2z x  k

Ĕ Ĕ Ĕi j k

= 
x y z

2z +2x 0 2z x

Ĕ Ĕ=  i 2z x 0 j 2z x 2z 2x
y z x z

Ĕ     k 0
x

µ µ µ

µ µ µ

-

+ -

è ø\ Ð ³ - -
ê ú

µ µ µ

µ µ µ

- -

è øµ µ µ µè ø
- - - - - - - +é ù é ùµ µ µ µê úê ú

µ µ
+ -
µ µ

( )

() ( ) ()

( )

2z 2x
y

Ĕ Ĕ Ĕ= i 0 j 2x 2 k 0

Ĕ= 2x 2  j

è ø
+é ù

ê ú

- - - +

+

 

 

At (1, 0, 2) 
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( ) [ ]Ĕcurl F  2(1) + 2  j

Ĕ              4 j

=

=
 

 

Example 23  Find curl V  if  ( ) ( ) ( )2 2 2Ĕ Ĕ ĔV = x  + yz  i + y +2x  j z +xy  k  

Solution:  curl V  

( ) ( ) ( ) ( )

2 2 2

2 2 2 2

   V

Ĕ Ĕ Ĕi j k

= 
x y z

x yz y zx z xy

Ĕ Ĕi z +xy y +2x  -  j z +xy y +yz
y z x z

= Ð ³

µ µ µ

µ µ µ

+ + +

è øµ µ µ µè ø
= - -é ù é ùµ µ µ µê úê ú

 

( ) ( )2 2Ĕ+ k y +2x x  + yz
x y

è øµ µ
-é ù

µ µê ú
 

( ) ( ) ( )Ĕ Ĕ Ĕi x - x  -  j y - y + k z - z

 0

=

=
 

 

Example 24  Evaluate curl r  where  if  Ĕ Ĕ Ĕr  = xi + yj zk+   

 

Solution:  Curl r  

Ĕ Ĕ Ĕi j k

= 
x y z

x y z

z y z x y xĔ Ĕ Ĕi  -  j  + k 
y z x z x y

Ĕ Ĕ Ĕ0i -  0j+ 0k 

0 

µ µ µ

µ µ µ

å õ å õµ µ µ µ µ µå õ
= - - -æ ö æ öæ ö
µ µ µ µ µ µç ÷ç ÷ ç ÷

=

=

 

 

Example 25  Evaluate curl 
Ĕr

r

å õ
æ ö
ç ÷

 where  if  Ĕ Ĕ Ĕr  = xi + yj zk+   

Solution:   

2

2 2 2

r
Ĕr = 

r

Ĕr x y zĔ Ĕ Ĕ   = i j k
r r r r

å õ
æ ö
ç ÷

\ + +
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2 2 2

2 2 2

2 2 2 2

2 2

3

Ĕr x y zĔ Ĕ Ĕcurl   =   i j k
r r r r

Ĕ Ĕ Ĕi j k

 
x y z

x y z

r r r

z y z xĔ Ĕi    -  j     
y r z r x r z r

y xĔ+ k   
x r y r

2zĔi  
r

å õ å õ
\ Ð ³ + +æ ö æ ö

ç ÷ ç ÷

µ µ µ
=
µ µ µ

è ø è øµ µ µ µå õ å õ å õ å õ
= - -æ ö æ ö æ ö æ öé ù é ù

µ µ µ µç ÷ ç ÷ ç ÷ ç ÷ê úê ú

è øµ µå õ å õ
-æ ö æ öé ù

µ µç ÷ ç ÷ê ú

-
=

3

3 3

3 3 3

2r 2y 2r
 +   + -------------+---------------

2y r 2z

2z y 2y zĔi   +   + -------------+---------------
r r r r

2yz 2yz 2zx 2zx 2xy 2xyĔ Ĕ Ĕi  + j  + k 
r r r

Ĕ Ĕ Ĕ= 0i + 0j + 0k 

è ø
é ù
ê ú

-è ø
= é ù
ê ú

è ø- - -å õ å õ å õ
= æ ö æ ö æ öé ù
ç ÷ ç ÷ ç ÷ê ú

=0 

 

 

Example 25 If  2 Ĕ Ĕ ĔF = x y i + xzj 2yzk+  find div (curlF) 

 

Solution:  curl F 

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

2

2

2

2

2

Ĕ Ĕ Ĕi j k

 
x y z

x y xz 2yz

Ĕ Ĕi  2yz  xz  -  j  2yz  x  z   
y z x z

Ĕ+ k  x z  x  z
x y

Ĕ Ĕ Ĕi 2z - x -  j 0 - 0  + k z - x

Ĕ Ĕ2z - x  i + z - x k

div (curl F)

µ µ µ
=
µ µ µ

è øµ µ µ µè ø
= - -é ù é ùµ µ µ µê úê ú

è øµ µ
-é ù

µ µê ú

=

=

 

 



99 
 

( ) ( )

( ) ( )

2

2

Ĕ Ĕ Ĕ Ĕ Ĕ i   j  + k  . 2z - x  i z x  k
x y z

  2z - x   z x
x z

= 1 + 1 

0 

å õµ µ µ
è ø= + + -æ öê úµ µ µç ÷

µ µ
= + -
µ µ

-

=

 

 

Example 27 If  ( )F = grad xy + yz zx+ , find (curlF). 

 

Solution:  ( )F = grad xy + yz zx+  

( )

( )

( ) ( ) ( )

( ) ( ) ( )

     xy + yz +zx

Ĕ Ĕ    i  j  + k  xy + yz +zx
x y z

Ĕ Ĕ Ĕi  xy + yz +zx  +  j  xy + yz +zx  + k xy + yz +zx
x y z

Ĕ Ĕ Ĕi y + z  +  j x z  + k y + x

 (curl F)

Ĕ Ĕ Ĕi j k

 
x y z

y z x + z x + y

=Ð

è øµ µ µ
== +é ù

µ µ µê ú

µ µ µ
=
µ µ µ

= +

\

µ µ µ
=
µ µ µ

+

 

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

Ĕ Ĕi x + y  -  x + z  - j  x + y   y + z  
y z x z

Ĕ+ k  x + z   y + z
x y

Ĕ Ĕ Ĕ  i 1 - 1  - j 1 - 1  + k 1 - 1

Ĕ Ĕ Ĕ 0 i + 0 j + 0 k 

0 

è øµ µ µ µè ø
= -é ù é ùµ µ µ µê úê ú

è øµ µ
-é ù

µ µê ú

=

=

=

 

 

5.4 PROPERTIES OF GRADIENT, DIVERGENCE A ND 

CURL   
 

(i) ( ) f g  =  f  gÐ ° Ð ° Ð  

(ii ) ( ) . A B  = . A  . BÐ ° Ð ° Ð  

(iii ) ( )  A B  =  A  . BÐ ³ ° Ð³ ° Ð  
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Proof: 

 

(i) ( ) f gÐ °  ( )Ĕ Ĕ Ĕi  + j + k  f   g
x y z

å õµ µ µ
= °æ ö

µ µ µç ÷
 

( ) ( ) ( )Ĕ Ĕ Ĕi  f   g    j  f   g  + k  f   g
x y z

Ĕ Ĕ Ĕ Ĕ Ĕ i f + j f + k     i g+ j g + g 
x y z x y z

f   g

µ µ µ
= ° ° ° °
µ µ µ

å õ å õµ µ µ µ µ µ
= °æ ö æ ö

µ µ µ µ µ µç ÷ ç ÷

=Ð ° Ð  

 

(ii ) Let 1 2 3
Ĕ Ĕ ĔA = A i + A j +A k  

     

( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 2 3 1 2 3

Ĕ Ĕ ĔB = B i + B j +B k

  . A B

Ĕ Ĕ Ĕ  . A B  i A B  j A B  k

A B  +  A B  +  A B
x y z

A  +  A  +  A   B  +  B  +  B
x y z x y z

 . A  . B

\ Ð °

è ø= Ð ° + ° + °
ê ú

µ µ µ
= ° ° °
µ µ µ

è øµ µ µ µ µ µ
= °é ù
µ µ µ µ µ µê ú

=Ð °Ð

 

 

(ii ) Let 

 

( )

( ) ( )

( )

1 1 2 2 3 3

3 3 2 2

  A B

Ĕ Ĕ Ĕi j k

 
x y z

A B A B A B

Ĕ i A B A B
y z

Ĕ i   A B
x

A BĔ i    
x x

A BĔ Ĕ i    i   
x x

 A B

Ð ³ °

µ µ µ
=

µ µ µ

° ° °

è øµ µ
= ° - °é ù

µ µê ú

µ
= ³ °

µ

å õµ µ
= ³ °æ ö

µ µç ÷

µ µ
= ³ ° ³

µ µ

= Ð³ °Ð³

ä

ä

ä

ä ä
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Check Your Progress: 

 

(1) If  1 2 3
Ĕ Ĕ ĔA = A i + A j +A k ,

  

Ĕ Ĕ Ĕr  = x i + y j + z k Evaluate ( )div A r³  

 

(2) Prove that   

( )
log  r 1

div r   1  2 log  r
r r

å õ
= +æ ö

ç ÷
 

 (3) For  Ĕ Ĕ Ĕr  = x i + y j + z k ) show that the vector 
3

r
div 

r

å õ
æ ö
ç ÷

  is both 

solenoidal and irrotational.  

 

(4) Prove that  ( )
2

div a. r  a = a  

 

(5) For Ĕ Ĕ Ĕr  = x i + y j + z k show that  ( ) ( )n n 2. r  = n n 1 r-Ð Ð +  

(6) show that the vector Ĕ Ĕ ĔF = yzi + zxj + xyk  solenoidal.  

 

(7) If  ( ) ( ) ( )Ĕ Ĕ ĔA = ax + 3y +4z  i + x - 2y +3z j + 3x + 2y - z k is 

solenoidal find value of a. 

(7) Find the direction derivative of a scalar field    2 x  y  zf=  at (4, -1, 2) 

in the direction of  (3, 2, 1). 

 

[Hint : - direction derivative of f(x, y, z) along a  is = a . grad f] 

 

5.4 PROPERTIES OF GRADIENT, DIVERGENCE AND 

CURL  

 

1) If   S represents displacement vector, 
ds

dt
 represents velocity and 

2

2

d s

dt
 

represents acceleration.  

2) For 
ds Ĕ Ĕ Ĕ i  j  k  
dt x y z

µ µ µ
Ð= + +

µ µ µ
  

grad f  F 

grad F . F

curl F   F

=Ð

=Ð

=Ð ³

 

 

3) grad F and curl F are vector quantities. 

4) div F is scalar quantity.  
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5.5 LET US SUM UP 

In this chapter we have learn 

× Differentiation of vectors. 

× Partial derivative of vectors. 

× The vector differential Operator Del.( Ð) 

× Divergence of a vector function. 

× Curl of a vector. 

× Properties of divergence, gradient & curl. 

 

5.6  UNIT END EXERCISE  

 

1) If 2 2A x yi 2xzj xy k,= - +
  

2B 3zi 2yj 2x k= + -  

Find the value
2

(A B)G (1,0,1)
y x

µ
³ +

µ µ
 

2) If r xi yi zk= + + prove that
3

1 1
r.

R R

-å õ
=æ ö

ç ÷
   

whereR r=  

3) Find the unit normal vector to the surface   at the point(1,0,1). 

 

4) Find the directional derivative of 2 3f (x, y,z) xy yz= +  the point 

(1,-1,1) in the direction of (3,-1,1) 

 

5) If 2 2f 3x y xyj 3y zk= - +   find div F curl F. 

 

6) Show that the vector f (x 3y)i (y 3z) j (x 2z)k= + + - + - is 

solenoid. 

7) Show that the vector 2 3 2 2 2f (3x y)i (x 2yz ) j (3z 2y z)k= + - + -  is 

irrotational. 

 

8) Show that div r =3 

wherer xi yi zk= + + 
 

9) Show that for any vector F 

Div (Curl F)=0 

 

10) If 1 2 3a a i a i a k= + +  and
    

r xi yj zk= + + 

Find Curl (r x a)  

 

 

 

 

*****  
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6 
DIFFERENTIAL  EQUATI ONS 
 

UNIT STRUCTURE   

6.1  Objective 

6.2  Introduction 

6.3  Differential Equation 

6.4  Formation of differential equation  

6.5  Let Us Sum Up 

6.6  Unit End Exercise 

 

6.1 OBJECTIVE 

 

After going through this chapter you will able to  

i. Define differential equation 

ii.  Order & degree of differential 

equation 

iii.  Formulate the differential equation  

 

6.2 INTRODUCTION  

 

         We have already learned differential equation in XII th . Hence we 

are going to discuss differential equation in brief. In this chapter we 

discuss only formulation of differential equation. 

 

6.3 DIFFERENTIAL EQU ATION   

 

Definition: - 

 

An equation involving independent and dependent variables and the 

differential coefficients or differentials is called a differential equation. 

e.g. 1 
dy

=9
dx

 

  x=independent variable 

y= depedent variable  

 2 
2

2

d y
2 +y=0

dx

dy

dx
+  

 3 
n

n

d y
y=0

dx
+  
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These are all examples of differential equations.  

The differential equation is said to be ordinary if it contains only one 

independent variable. All the examples of above are of ordinary 

differential equations. 

Order and Degree of a Differential Equations:-  

(i) Order: - 

The order of the differential equations is the order of the highest orderal 

derivatives present in the function or equation. 

If y = f (x) is a function, then  

dy

dx
 is the first order derivative, 

2

2

d y

dx

d dy

dx dx

å õ
= æ ö
ç ÷

 is the second order derivative. 

e.g 1)  
2

2

d y
2 0

dx

dy
y

dx
+ + = 

Order = 2  

2) E = Ri + L  
di

dt
 

Order = 1 

Degree:- 

The degree of differential equation is the degree of the highest ordered 

derivative in the equation when it is made free from radicals and fractions. 

e.g. 

1 
2

2

2

d y
0

dx
k y+ = 

 order = 2, degree = 1 

2 

22

2

d y
2 0

dx

dy
Y

dx

å õ
+ + =æ ö
ç ÷

 

 Order =2, degree =1 

3 
1

 
dy

y x
dydx

dx

å õ
= +æ ö
ç ÷

 

 Order=1, degree=2 

4 
2

3
2

dy
  

dx

dy

dx
=  

 

1 1
2 3 2

2

d
 

y dy

dx dx

å õ å õ
\ =æ ö æ ö

ç ÷ç ÷
 

Cubing both sides  
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3 22

2

dy
 

dx

yd

dx

å õ
\ =æ ö

ç ÷
 

Squaring both sides  
2 32

2

dy

dx

yd

dx

å õå õ
\ =æ öæ ö

ç ÷ç ÷
 

 Order=2, degree=2 

 

Solved examples: 

 

Example 1: Find the order and degree of the following 

3
2 2

2

2

1

i)     

dy

dx
e

d y

dx

è øå õ
+é ùæ ö
ç ÷é ùê ú=

 

Solution: 

 

3
2 22

2
 e 1

d y dy

dx dx

è øå õ
\ Ö = +é ùæ ö

ç ÷é ùê ú

 

Squaring both sides 

  

32 22
2

2
 e 1

d y dy

dx dx

è øå õ å õ
\ = +é ùæ ö æ ö

ç ÷é ùç ÷ê ú

 

  \  order = 2, degree = 2 

ii)  

3
2

3
sin( ) xd d y

x xy e
dx dx

ë ûå õî î
+ =ì üæ ö

ç ÷î îí ý

 

Solution: 

  

3 2
3 3 4

3 3 4

d
   x 3 sin( )

y
xd y d y

xy e
dx dx dx

å õ å õ
+ Ö Ö + =æ ö æ ö

ç ÷ ç ÷
 

 \  Order = 4, degree=1 

iii)  
5

  
dy

y x
dydx

dx

= Ö +

 

Solution:

 

2
dy

 y 5
dy

x
dx dx

å õ
\ Ö = Ö +æ ö

ç ÷
 

\  Order =1, degree=2 
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iv) 

2

     5 1
dy dy

y x
dx dx

å õ
= Ö + +æ ö

ç ÷ 

Solution: 

  

2
dy

 y x 5 1
dy

dx dx

å õ
\ - Ö = +æ ö

ç ÷
 

Squaring on both sides 

  

2 2
dy

 y-x 25 1
dx

dy

dx

è øå õ å õ
Ö = +é ùæ ö æ ö

ç ÷ ç ÷é ùê ú

 

  

2 2

2 2 y 2 25 1
dy dy dy

xy x
dx dx dx

è øå õ å õ
\ - Ö + = +é ùæ ö æ ö

ç ÷ ç ÷é ùê ú

 

\ Order =1, degree=2 

 

Check your progress: 

 1) 
2

2

 

  

u u
u

x y

µ µ
+ Ö

µ µ
 

Ans : order =2, degree=1 

2) 

4 7 11
3 3 2

3 3 2
5 7 xd y d y d y dy

y e
dx dx dx dx

å õ å õ å õ
+ + + + =æ ö æ ö æ ö

ç ÷ ç ÷ ç ÷
 

 Ans : order=3, degree=7 

3) ( ) ( )
3 4

11 1 xy y e+ =  

Ans : order=2, degree=3 

 4) 
11

11
1

x
y

y
+ = 

Ans : order=2, degree=2 

 5) 11 121y y= +  

Ans : order=2, degree=2 

 ( )
2

1 1y x y xy
-

+ = -  

Ans : order =1, degree=3 

 

6.4 FORMATION OF DIF FERENTIAL EQUATION  

 

Formation of differential equation involves elimination of arbitrary 

consonants, in the relation of the variables.  

Consider 
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 2 1y ax= ------------ 

Where y= independent variable 

x = dependent variable  

Differentiating equation (1) with respect to x  

we have 
dy

 2 (2)
dx

ax\ = ---------- 

From equation (1) we have 

 
2

y
a

x
=  

Put value of a in equation (2), we have 

 
2

dy
   2

y
x

dx x/
\ = Ö Ö/ 

 
dy 2

   
dx

y

x
\ =  

 
dy

 x 2
dx

y\ Ö =  

 
dy

 x 2 0
dx

y\ Ö - = 

This is the required differential equation  

 

Note:- 

To eliminate two arbitrary constants, three equations are required. To 

eliminate three arbitrary constants, four equations are required.  

In general to eliminate n arbitrary constants. (n+1) equations are required. 

In other words elimination of n arbitrary consonants will bring us to 

differential equation of nth order. 

 

Solved Examples:-  

Example 2:  Form the differential equations if  1 2cos siny c x c x= +  

Solution:  We have  

     Y= c1 cos x + c 2 sinx -------------(1) 

This equation contains two arbitrary constants, therefore we shall require 

three equations to eliminate c1 and c 2 . 

Differentiating equation (1) with respect to x  

  1 2

dy
  = -c cos cos .
dx

x c x\ +  

Again differentiate with respect to x 

  
2

1 22

d
   = -c cos sin

dx

y
x c x\ -  
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2

1 22

d
      = (c cos +c sin )

y
x x

dx
-  

[ ]
2

2

d
   =   ----(1)

y
y from eq

dx
\ - ---------  

2

2

d
   + y = 0

dx

y
\  

This is the required differential equation.  

 

Example 3: Form the differential equation from  

                    x= a sin (wt+c) where a and c are arbitrary constants. 

Solution:   We have, 

  x= a sin (wt+c)--------(1) 

Differentiate equation (1) with respect  

  
dx

  + acos (cot+c)  w
dt

\ = Ö 

  
dx

  + aw  cos(cot+c) 
dt

\ = Ö  

Again differentiating w.r.t. 't' 

( )
2

2

d x
     -a wsin cot c w

dt
= + Ö 

( )
2

2

2

d x
     -w  a sin cot c

dt
= +è øê ú 

[ ]
2

2

2

d x
 - ........ sin  equation 1w x u g

dt
\ =  

2
2

2

d x
w x 0

dt
\ + = 

This is the required differential equation 

 

Example 4: From the differential equation if y= log (ax) 

Solution: 

     log( ) (1)y ax= -------------- 

Differentiate equation (1) with respect to x . 

  
dy 1

 
dx

A
Ax
/\ = Ö

/
 

  
dy 1

 
dx x

\ =  

  
dy

 x 1
dx

\ Ö = 

This is the required differential equation. 
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Example 5: Obtain the differential equation for the equation Y=cx+ c2 

Solution:  we have, 

  2 (1)y cx c= + ------------ 

Differentiate equation (1) with repect to x 

   
dy

 
dx

c\ =  

Put value of c in equation (1) 

  

2
dy dy

 y= x
dx dx

å õ
\ Ö +æ ö

ç ÷
 

This is the required differential equation. 

Example 6: Obtain the differential equation for the relation 
2x 3 y= a e  a,b are constants.xb e Where\ Ö + Ö  

Solution: we have, 

  2x 3 y= a e -------------(1).xb e\ Ö + Ö -  

Here the number of arbitrary constants is two  

Hence we shall require three equations to 

Eliminate and b. So we differentiate the given equations twice. 

  
2x 3dy

 = 2a e 3 -------------(2).
dx

xb e\ Ö + Ö -  

  
2

2x 3

2

d y
 = 4a e 9 -------------(3)
dx

xb e\ Ö + Ö -  

From  equation (1) (2) & (3) elimination of a & b gives directly 

  

2

2

                  1                  1

dy
               2                  3 0
dx

              4                 9

y

d y

dx

=  

In the determinant 

1st column is LHS 

Column 2nd column 2nd column contains coefficients  
2xa eÖ  

Expanding the determinant 

2nd column contains coefficients of 
3xb eÖ  

  ( ) ( ) ( )
2

2
18 12 9 4 3 2 0

dy d y
y

dx dx
- - - - + - = 

  
2

2

dy d y
 6y-5 0

dx dx
\ Ö + = 
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2

2

d y dy
 -5 +6y 0
dx dx

\ Ö = 

This is the required differential equation. 

Example 7:  Find the differential equation of all circles  

touching y axis at the origin and centers on x-axis 

Solution: 

 

 

The equation of such a circle is 

  ( )
2 2 2  x a y a- + = 

i.e.  2 2 2 2  2x ax a y a/ /- + + =/ / 

  2 2 2 0 (1)x y ax\ + - = ----------- 

Where a is the only arbitrary contents  

Differentiate equation (1) with respect to x We have 

2 2 2 0
dy

x y a
dx

+ Ö - = 

2 2x 2 0
dy

y x x y
dx

å õ
+ - Ö + Ö =æ ö

ç ÷
 

2 2 2x 2 2 0
dy

y x xy
dx

+ - - Ö = 

2 2-x 2 0
dy

y xy
dx

+ - Ö = 
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2 2 2 x 0
dy

xy y
dx

\ Ö + - = 

Which is the require differential equation. 

 

Check Your Progress: 

 

1) Form the differential equation of all circles of radius a. 

Ans. 

3
2 2

2

2
1

dy d y
a

dx dx

è ø å õå õ
+ =é ù æ öæ ö
ç ÷é ù ç ÷ê ú  

 

2) Obtain the differential equation whose general solution is given by 

( )cos sinxy e A x B x= +  

Ans 
2

2
2 2 0

d y dy
y

dx dx
- + = 

 

3) Find the differential equation whose general solution is given by 
2 3

1 2 3

x x xy c e c e c e-

Ö= + + Ö 

Ans   
 3  2

3 2

  
2 5 6 0

   

d y d y d y
y

d x d x d x
- Ö - - = 

 

4) Obtain the differential equations for the following: 

i) 3 2x xy A e B e= Ö + Ö 

Ans 
2

2
5 6 0

d y dy
y

dx dx
- Ö + = 

ii)  
2

1 2

t ts c e c e-= + Ö 

Ans 
2

2
2 0

d s ds
s

dt dt
- - = 

iii)   cos 2t+ B sin 2ty A=  

Ans 
2

2

d
4 0

y
y

dt
+ = 

iv) 3 2y ax bx= +  

Ans 
2

2

2
4 6

d y dy
x x y o

dx dx
- Ö + = 

v) cos(x A nt a= + 

Ams 
2

2

2
0

d y
n x

dt
+ = 

vi 
2Y A Bx Cx= + +  

Soln  
2

2
0

d y

dx
=  

Vii  sinY x c= + 
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Soln  cos
dy

x
dx
=  

Viii  1 2( ) xy c c x e= +  

Ans 
2

2
2 0

d y dy
y

dx dx
- Ö + =

 
 

6.5  LET US SUM UP 

 

In this chapter we have learn 

× Equation in term
dy

dx
 of is called differential equation. 

× Degree & order of differential equation. 

× Formation of differential equation while removing arbitrary 

constant likes A&B,&C. 

 

6.6  UNIT END EXERCISE  

 

1) Find the order 7 degree of Differential equation given below 

i. 

2
3 2

3 2
3 3

d y d y dy
y

dx dx dx

å õ å õ
- + =æ ö æ ö

ç ÷ ç ÷
 

ii.  

3
2 2 2

2

dy d y
i k

dx dx

è øå õ
+ =é ùæ ö
ç ÷é ùê ú

 

iii.  

3
2 5

2
1

d y dy

dx dx

å õ å õ
= +æ ö æ ö
ç ÷ç ÷

 

iv. 

22

3
2

2 1 0
d y dy

y
dx dx

å õ
+ + - =æ ö

ç ÷
 

v. 

( )
1dy

y x
dydx

dx

å õ
= +æ ö
ç ÷

 

2) Formulate the differential equation 

i. Y A Blogx= +  

ii.  X = asin(w++c) 

iii.  xY = c (Acosx+Bsinx) 

iv. 
1cosm xY = e
-

 

v. 2Y = ax bx+  

vi. 2 3Y = cx+2c c+  

vii.  2 2X +Y = 2ax  

viii.   
2Y = 4ax 

ix. x ye +Ce =1 
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x. Y = ACos2x+BSin2x 

 

*****  

7 
 

SOLUTION OF DIFFEREN TIAL 

EQUATION  

 
UNIT STRUCTURE  

7.1  Objectives 

7.2  Introduction 

7.3  Solution of Differential equation 

7.4  Solution of Differential Equation of first order and first degree 

7.5  Let Us Sum Up 

7.6  Unit End Exercise 

 

7.1 OBJECTIVES 

 

After going through this chapter you will able to 

× Find general & particular solution of differential equations. 

× Classification of differential equation. 

× Apply particular method first find the solution of differential 

equation. 

 

7.2 INTRODUCTION  

 

 We have already formed differential equation in previous chapter. 

Here we are going to find solution of differential equation with different 

method. It is very useful in different field. 

 

7.3 SOLUTION OF DIFFERENTIAL EQUATION  

 

General Solutions:- 

 The general Solution of a differential equation is the most general 

relation between the dependent and the independent variable occurring in 

the equation which satisfies the given differential equation. 

 

Particular Solutions:- 
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Any particular solution that satisfies the given equation is called a 

particular solution e.g.  

   5
dy

dx
=  

   dy=5dx\  

Integrating both sides we get 

 dy=5 dx constant\ Ö +ñ ñ  

   Y= 5x+C 

This is called as general solution  

Suppose C=7 is given  

Then particular solution is given by putting of c in the general solution 

   y = 5x+7\  

Check Point:- 

1) Find the general solution and particular solution of the differential 

equation 

 When y 4 at x 0
dy

x
dx
= = = 

    Solution: 
2x=
2

y c+  

  
2x 4
2

y= + 

Differential equations of first order and of First Degree :- 

An equation of the form, 

  M+N 0
dy

dx
=  

Where óMô and óNô are functions of x and y or constant. is called 

differential equation of first order and first degree.  

This equation can also be written as 

  0Mdx Ndy+ = 

7.4 SOLUTION OF DIFFERENTIAL EQUATION OF  

FIRST ORDER AND FIRST DEGREE  

 

There are many methods that can be used to solve the differential 

equations. Important one among those are listed below. 

1)  Variable seperable form. 

2)  Equations reducible to variable seperable form. 

3)  Homogeneous equations. 

4)  Exact differential equations. 

5)  linear differential equations. 

6)  Equations reducible to linear differential equation.( Bernoullisôs 

differential equation)  
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7)  Methods of substitution. 

We will explain all these methods one by one in detail. 

 

7.4.1 Variable Separable form:- 

Working Rule  

1) Consider the differential equation Mdx+ Ndy=0 

2)  If possible rearrange the terms and get f(x) dx +g(y).dy=0 

3)  Integrate and write constant of integration in suitable form, usually 

C.  

4)  Simplify if possible. 

 

Solved Examples:- 

Example 1: Solve ( ) ( ) 23 tan 1 . 0x xy dx e Sec y dyÖ + - =
 

Solution: ( ) ( ) 23 tan 1 . 0x xy dx e Sec y dyÖ + - = 

   ( )x throughout by 1-e tan  we get y· Ö  

   
x 2

x

3e sec
0 1)

1-e tan

y
dx dy

y

å õ
+ Ö = --------æ ö

ç ÷
 

This is in variable separable form 

\ Integrate equation (1), we get 

     
23

 
1 tan

x

x

e Sec y
dx dy constant

e y
+ Ö =ñ ñ  

     
2

x

e
-3

e 1 tan

Sec y
dx dy c

y
\ Ö + Ö =

-ñ ñ  

     ( )x -3log e 1 log  tan logy c\ - + =  

   ( )
3

x log e 1 log  tan logy c
-

\ - + =  

   ( ) 
-3

xlog e -1 ×tany = logc\  

   

( )
 

3
x

tany
= c

e -1
\

 

 Removing log both side 

   ( ) 
3

xtany = c× e -1\  

This is the general solution of a given differential equation.  

Example 2: Solve  
2 2 2 21

y dy
x y x y

x dx
Ö = + + + 
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Solution:  ( )2 2 21 1
y dy

x y x
x dx
Ö = + + + 

   ( )( )2 2y dy
 × = 1+ x × 1+ y
x dx

 

   ( ) ( )2 2y dy
× = 1+ x × 1+ y

x dx
 

   

( )
( ) 2

2

y
×dy = x 1+ x ×dx - - - - - - - - - -1

1+ y
\  

This is in variable separable form  

\ Integrate equation (1) 

  2

2

1 2 1
2 1

2 21

y
dy x x dx c

y
Ö Ö = Ö Ö + Ö +

+
ñ ñ  

   

()

()
()

() ()

()

1

n
1

n+1

f x
\  dx = 2 f x +c

f x

   f x × f x dx

f x
  =

n+1

ë
î
î
îî
è øì ê ú

î
î è øê ú
î
îí

ñ

ñ  

   ( ) 
3

2 2 21 1 2
× 2 1+ y = × × 1+ x +c

2 2 3

è øè ø\ é ùê ú ê ú
 

   ( )
3

2 2 21
1+ y = 1+ x +c

3
 

This is in required general solution.  

Example 3: Solve  ( )1 1 2 ydy
x e

dx

-+ Ö + = 

Solution:  The given equation is   

   ( ) ( )  1 2 1ydy
x e

dx

-\ + Ö = - 

   
( )-y

1 1
 ×dy = ×dx

x+12e -1
\  

   
( )

y

y -y

e 1 1
 × ×dy = ×dx
e x+12×e -1
\  

   
1

2 1

y

y

e
dy dx

e x
\ Ö = Ö
- +

 

   
1

 0=
x+1 2

y

y

e
dx dy

e
\ Ö - Ö

-
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2

1
0 (1)

1

y

y

e
dx dy

x e -
\ Ö + Ö = -----
+

 

This is in variable separable form, 

Integrate equation (1), we get 

    
( )

1
     =log c

1 2

y

y

e
dx dy

x e
Ö +

+ -
ñ ñ  

    ( ) ( )log 1 log 2 logyx e c\ + + - =  

    ( )( ) log x+1 2 logye cè ø\ Ö - =
ê ú

 

    ( )( )1 2yx e c\ + Ö - = 

This is the required general solution.  

 

Example 4: Solve ( ) 23 tan 1 sec 0x xe y dx e y dyÖ + + Ö = 

                   given   
4

y
p
=      when x=0 

Solution: The given equation is 

   ( ) 23 tan 1 sec 0x xe y dx e y dyÖ + + Ö = 

   ( )x through out by 1+e tany· Ö  

   
x 2

x

3e sec
 0 (1)
1+e tan

y
dx dy

y
\ Ö + Ö = ---------- 

This is in variable separable form,  

Integrate equation (1) we get 

   
x 2

x

3e sec
 log

1+e tan

y
dx dy c

y
\ Ö + Ö =ñ ñ  

   
x 2

x

e sec
3 log

1+e tan

y
dx dy c

y
\ Ö + Ö = Ãñ ñ  

   ( )3log 1 log  tany=log cxe+ +  

   ( )
3

x log 1+e log  tany=log c\ +  

   ( )
3

x log 1+e tan logy cè ø\ Ö =/ /é ùê ú
 

   ( )
3

x 1+e tan  =c---------------(2)y\ Ö  

This is the required general solution 

To final particular solution:- 

 put y=  at x=0 in equation --------(2)
4
p  
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( )
3

 1+1 tan  
4

cp\ Ö = 

 c=8\  

Put value of c in equation (2) 

  ( )
3

1 tan 8xe y\ + Ö = 

This is a particular solution  

Example 5: Solve  
( ) 2log x 1

sin  y  y cos y

xdy

dx

+
=

+
 

Solution:  The given equation is 

  
( )2log 1

sin cos

x xdy

dx y y y

+
=

+
 

  ( ) ( ) sin cos 2log 1 (1)y y y dy x x dx\ + Ö = + Ö ------- 

This is in variable separable form  

Integrate equation (1), we get   

( ) ( )sin cos 2log 1 tany y y dy x x dx cons t+ Ö = + Ö +ñ ñ  

   siny cos 2 logdy y y dy x x dx xdx c\ Ö + Ö Ö = Ö Ö + +ñ ñ ñ ñ 

 
2 2 2

   cos sin cos 2 log
2 2 2

x x x
y y y y x c

è ø
- + + = Ö Ö - + +é ù

ê ú
 

2 2 2    sin logy y x x x x c= - + + 

2 sin logy y x x c\ = + 

This is required general solution 

Check Your Progress: 

1) solve: 

2x y ydy
e x e

dx

- -= + Ö 

3

3

x yx
e e c+ - = 

2) solve:  
2dy dy

y x a y
dx dx

å õ å õ
- Ö = Ö +æ ö æ ö

ç ÷ ç ÷
 

ans  ( )( )1 ay x a cy- + = 

3) solve:  log
dy

ax by
dx
= +  

ans  
ax bye e

c
a b

-

+ = 

4) solve:  cos cos sin 0
dy

x x y y
dx

+ Ö = 

ans  sin cos logcosx x x y c+ - = 
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5) solve:  2 2tan sec tan 0Sec x y dx y x dyÖ Ö + Ö Ö = 

ans  tan tanx y cÖ = 

6) solve:  
2x ydy

e
dx

-=  

ans  
21

2

y xe e cÖ - = 

7.4.2 Equations Reducible to variable separable forms:  

Sometimes we come across differential equations which cannot be 

converted into variable separable form by mere rearrangement of its terms.  

These differential equation can be suitable substitution  

Solved Examples:- 

Example 6:  solve: ( )
2 2dy

x y a
dx

- Ö = 

Solution:  we have ( )
2 2 (1)

dy
x y a

dx
- Ö = ---------- 

Substitute x-y=t 

Differentiating with respect to x, we get 

     1
dy dt

dx dx
- =  

    1
dy dt

dx dx
\ = -  

Using equation (1) we have 

   
2 2 t 1

dt
a

dx

å õ
Ö - =æ ö
ç ÷

 

   
2

2
 1

dt a

dx t
\ - =  

   
2

2
 1
dt a

dx t
\ = -  

   
2 2

2
 
dt t a

dx t

-
\ =  

   
2

2 2
  

t
dt dx

t a
\ Ö =

-
 

This is invariable separable form 

Integrating we get   

   
2

2 2
   tan

t
dx dt cons t

t a
= Ö +

-ñ ñ  

   
2 2 2

2 2
 x=

t a a
dt c

t a

- +
\ Ö +

-ñ  
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2

2 2
 x=

a
dt dt c

t a
\ + Ö +

-ñ ñ  

   
2 1

 x=t+ log
2

t a
a c

a t a

-å õ
\ Ö Ö +/ æ ö

+ç ÷/
 

   
a

 x=t+ log
2

t a
c

t a

-å õ
\ Ö +æ ö

+ç ÷
 

      t=x-y 

   
a

 x=x-y+ log
2

x y a
c

x y a

å õ- -
\ Ö +æ ö

- +ç ÷
 

   
a

   y= log
2

x y a
c

x y a

å õ- -
Ö +æ ö

- +ç ÷
 

This is the required general solution 

Example 7: Solve  ( )cos
dy

x y
dx
= +  

Solution: We have ( )cos (1)
dy

x y
dx
= + --------- 

 Put  x y t+ = 

Differentiating above with respect to x, we get 

  1+
dy dt

dx dx
\ =  

  1
dy dt

dx dx
\ = - 

Using equation (1) 

  1 cos
dt

t
dx

\ - =  

  1 cos
dt

t
dx

\ = +  

 
1

 
1 cos

dt dx
t

\ Ö =
+

 

 
2

1
 
2cos

2

dt dx
t

\ =  

This is invariable separable form,  

Integrating we get 

 
2

1
 tan

2cos
2

dt dx cons t
t

\ Ö = +ñ ñ  

 
21

 sec
22

t dt x c\ Ö Ö = +ñ  
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1 2

 tan
22 1

t x c
/

\ Ö Ö = +
/

 

   tan
2

t x c\ = + 

      t=x+y 

  tan
2

x y
x c

+å õ
\ = +æ ö

ç ÷
 

This is the required general solution,  

Example 8: Solve  ( )
2

4 1
dx

x y
dy

+ Ö = 

Solution: The given equation is
 

( )
2dy

4 (1)
dx

x y= + ------ 

         Put ( )4x y t+ = 

Differentiating above with respect to x 

    4
dy dt

dx dx
\ + =  

    4
dy dt

dx dx
\ = - 

Using equation (1), we have 

   
24

dt
t

dx
- = 

   
2 4

dt
t

dx
\ = + 

   
2

1
 

4
dt dx

t
\ Ö =

+
 

This is in variable separable form 

Integrating we get, 

   
2

1
 tan

4
dt dx cons t

t
\ Ö = +

+ñ ñ  

   
11

 tan
2 2

t
x c-å õ

\ Ö = +æ ö
ç ÷

ñ  

     t=x+y 

   
11

 tan
2 2

x y
x c- +å õ

\ Ö = +æ ö
ç ÷

 

   
1

1 1 tan 2  where c
2

x y
x c c- +å õ

\ = + =æ ö
ç ÷

 

This is the required general solution 

Example 9: Solve( ) 0
dy

x y y
dx

+ Ö + = 
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Solution: 

( ) 0 (1)
dy

x y y
dx

+ Ö + = ----------
 

Put x y t+ = 

Differentiating with respect to x, we get 

 
dy

 1+
dx

dt

dx
\ =  

 
dy

 1
dx

dt

dx
\ = - 

Using equation (1), we have 

    t 1 0
dt

t x
dx

å õ
\ Ö - + - =æ ö
ç ÷

 

     1
dt x t

dx t

-
- =  

    1 1
dt x

dx t
/ /\ - = - 

    
dt x

dx t
\ =  

   xdx tdt=  

This is in variable separable form 

Integrating we get, 

   xdx= tdt+constant ñ ñ  

   
2 2

   
2 2

x t
c= + 

   
2 2 x 2t c\ = +  

     t=x+y 

   ( )
22 x 2x y c\ = + + 

   2 2 2 x 2 2x xy y c\ = + + + 

   2 2xy 2y c\ + =- 

   
2

1 1 2xy  where c 2y c c\ + = =- 

This is the required general solution 

Example 10: Solve cos sin cos 0
y y x y y

dx dy
x x y x x

å õå õ
Ö - Ö + Ö =æ öæ ö

ç ÷ ç ÷
 

Solution: 

The equation is, cos sin cos 0
y y x y y

dx dy
x x y x x

å õå õ
Ö - Ö + Ö =æ öæ ö

ç ÷ ç ÷
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Substitute  
y

v
x
=  

    y=vx\  

Differentiating above with respect to x, we get 

   
dy

 
dx

dv
v x

dx
\ = + Ö 

But the above equation can be written as 

  
y

 cos sin cos 0
x

y x y y dy

x y x x dx

å õ
\ Ö - Ö + Ö =æ ö

ç ÷
 

  
1

 v cosv- sin cos 0
v

dy
v v v x

dx

å õ å õ
\ Ö + Ö + Ö =æ ö æ ö

ç ÷ ç ÷
 

By rearranging the terms, we have 

  
1 sin cos

 
x sin

v v v
dx dv

v v

+
\ Ö =-  

  
1 sin cos

 0
x sin

v v v
dx dv

v v

+
\ Ö + = 

This is in variable separable form 

Integrating we get, 

  
1 sin cos

 tan
x sin

v v v
dx dv cons t

v v

+
\ Ö + Ö =ñ ñ  

  ( ) logx+log vsinv c\ =  

  ( )  log x vsinv logcÖ =/ / 

    xv sinv=cÖ  

  
y

  v=
x

 

 
y y

 x sin
x x

c\ Ö = 

 
y

 ysin 
x

c\ =  

This is the required general solution 

 

Check Your Progress: 

Solve the following 

1) 
-y

x                 Ans : log cx=e
y

x
dy y

e
dx x
+ =  

2) 1 1 0   Ans : x+y e
x x x

y y yx dy
e e c

y dx

å õå õ
+ + - Ö = Ö =æ ö æ ö
ç ÷ ç ÷
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3) ( ) 2 22 0  Ans:y 2
y y y

x x x
dy

x y e y x e x e c
dx

å õ
- Ö + + Ö Ö = + =æ ö

ç ÷
 

 
2 2tan sec sec 0

y y y y
dx dy

x x x x

è ø
- Ö + Ö =é ù

ê ú
 

Ans tan
y

x c
x

å õ
+ =æ ö

ç ÷
 

7.4.3 Homogeneous Equations 

 

A differential equation Mdx+Ndy=0 is said to be homogeneous if M & N 

are homogeneous functions of x and y of same degree 

Working Rule:  

1)  Check whether differential equation is homogenous in x and y  

2)  Express 
dy

dx
 in terms of x and y 

3)  Put y=vx 

4)   
dy dv

v x
dx dx

\ = + Ö 

5)  Separate x and y variables and get F(ex)dx+ g(v) dv=0  

6)  Solve by integration  

7)  Put 
y

  v =
x

  and simplify 

Solved examples:- 

Example 11: Solve  
( )2 2 2 0x y dx xy dy+ + Ö =

 

Solution:  We have 
( )2 2 2 0x y dx xy dy+ + Ö =

 

Here M and N are homogeneous expressions in x and y of the second 

degree 

 ( )2 2 2xy dy=- x y dx\ Ö +  

 ( )2 2 2xy dy=- x y dx\ Ö +  

 
2 2dy

 (1)
dx 2

x y

xy

å õ+
\ =-Ö -----------æ ö

ç ÷
 

 y=vxput  

 
dy

 
dx

dv
v x

dx
\ = + Ö 

Using equation 1 we have 

 
2 2 2

 
2

dv x v x
v x

dx x vx

+
+ =

- Ö
 



125 
 

 
( )2 2

2

1
 

2

x vdv
v x

dx v x

+/
\ + =

- Ö/
 

 
2dv 1 2

 x 1
dx 2

v

v

+
\ = -

-
 

 
2dv 1 3

  x
dx 2

v

v

+
\ =

-
 

 
2

-2v 1
 
1+3v

dv dx
x

\ Ö =  

This is in variable separable form 

Integrating above expression we have 

  
2

1 6v 1
 -  dv=  tan

3 1+3v x
dx cons t\ Ö +ñ ñ  

  ( )2
1

 - log 1+3v log log
3

x c\ = +  

  ( ) ( )21
  - log 1+3v log

3
cx\ =  

  ( ) ( )2 log 1+3v 3log cx\ =-  

  ( ) ( )
32 log 1+3v 3log cx
-

\ =-/ /  

  
2

3 3

1
 1+3v

c x
\ =  

     
y

v
x
=  

  
2

2 3 3

y 1
 1+3

x c x
\ Ö =  

  
3 2

3

1
 x 3xy

c
\ + =  

  
3 2

3

1
 x 3  where k=

c
xy k\ + =  

This is the required general solution 

Example 12: Solve 
2 2 dy dy

y x xy
dx dx

+ Ö = Ö 

Solution: 

The given equation is   
2 2 dy dy

y x xy
dx dx

+ Ö = Ö 

    
2 2  

dy dy
y xy x

dx dx
\ = Ö - Ö 

    ( )2 2  
dy

y xy x
dx

\ = -  
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2

2
 (1)
dy y

dx xy x
\ = --------

-
 

This is a homogeneous equation  

Put     y=vx  

     
dy dv

v x
dx dx

\ = + Ö 

Using equation (1),we have 

   
2 2

2
 

dv v x
v x

dx x vx x
\ + Ö =

Ö -
 

   
( )

2 2

2
 

1

dv v x
v x

dx x v

/
\ + Ö =

-/
 

   
( )

2

 
1

dv v
x v

dx v
\ Ö = -

-
 

   
( )

 
1

dv v
x

dx v
\ Ö =

-
  

   
1 1

 
v

dv dx
v x

-
\ Ö = Ö 

   
1 1

 1 dv dx
v x

å õ
\ - =æ ö
ç ÷

 

This is in variable separable form 

Integrating we get, 

   
1 1

  1  dv =  tan
x

dx cons t
v

å õ
- +æ ö
ç ÷
ñ ñ  

    vlogv=logx+logc\  

    v=logv+logx+logc\  

   ( ) v=log vxc\  

   
y

    v=
x

 

   
y y

 =log
x x

x c
å õ

\ Ö Ö/æ ö
/ç ÷

 

   
y

 =log y
x

c\  

    y=xlog yc\  

This is the required general solution  

Example 13: solve  ( )3 3 23 0x y dx xy dy+ - Ö =
. 

Solution:  



127 
 

              
( )3 3 23 0x y dx xy dy+ - Ö =

 

This is a homogenous equation  

( )3 3 2 3x y dx xy dy+ = Ö  

   
3 3

2

dy
(1)

dx 3

x y

xy

+
\ = ------- 

Put    y vx=  

   
dy

 
dx

dv
v x

dx
\ = +  

Using equation 1 we have 

   
3 3 3

2 2
 

3

dv x v x
v x

dx x v x

+
\ + =

Ö
 

   
( )3 3

2 3

1
 

3

x vdv
v x

dx v x

+
\ + =

Ö
 

   
3

2

1
 

3

dv v
x v

dx v

+
\ = - 

   
3

2

1 2
 

3

dv v
x

dx v

-
\ = - 

   
2

3

3 1
 
1 2

v
dv dx

v x
\ Ö =
-

 

This is in variable separable form 

Integrating we have 

   
2

3

1 6 1
 tan

2 2 1

v
dv dx cons t

v x
- Ö Ö = +

-ñ ñ  

   ( )31
 log 2 1 log log

2
v x c\ - - = +   

   ( ) ( )3 log 2 1 2logv cx\ - =-  

   ( ) ( )
23 log 2 1 logv cx
-

\ - =/ // /  

   ( )3

2 2

1
 2 1v

c x
\ - =  

Put   
y

v=
x

 

   
3

3 2 2

y 1
 2 1

x c x
\ - =  

   
3 3

2
 2y

x
x

c
\ - =  
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3 3

2

1
 2y  where k=

c
x kx\ - =  

This is the required general solution 

Example 14:  solve  
2 2tan sec sec 0

y y y
x y dx x dy

x x x

å õ
- + Ö =æ ö

ç ÷
 

Solution: 

The given equation is  

   
2 2tan sec sec 0

y y y
x y dx x dy

x x x

å õ
- + Ö =æ ö

ç ÷
 

   

2

2

sec tan
dy

 
dx

sec

y y
y x

x x
y

x
x

-

\ =  

   
2

tan
dy

 (1)
dx

sec

y

y x
yx

x

\ = - -------- 

This is a homogeneous equation 

Put y vx=  

   
dy

 
dx

dv
v x

dx
\ = + Ö 

Using equation 1 we have 

 

   
2

dv tan
 v+x

dx sec

v
v

v
\ Ö = -/ /  

   
2

dv tan
 x

dx sec

v

v
\ Ö =  

   
2sec 1

 
tan

v
dv dx

v x
\ Ö =- Ö 

   
2sec 1

 0
tan

v
dv dx

v x
\ Ö +- Ö = 

This is in variable separable form 

Integrating we get, 

   
2

2

sec 1
 tan

tan

v
dv dx cons t

v x
\ Ö + =ñ ñ  

 og tanv + log x =log cl\  

( ) og tanv x  =log cl\ Ö/ / 

 x tanv = c\ Ö  
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y
Put v =

x
 

y
 x tan  = c

x
\ Ö  

This is the required general solution 

Check Your Progress: 

1) solve the following 

i)  2 2xdy ydx x y dx- = + Ö 

ans  2 2 2y x y cx+ + =  

ii)   cot 0
x

x y dy ydx
y

å õ
+ Ö - =æ ö

ç ÷
 

ans  sec
x

y c
y

=  

iii)   
2 2 dy dy

y x xy
dx dx

+ Ö = Ö 

ans  
y

xcy e=  

iv)  ( )2 2 2x y dx xydy- =  

ans  ( )2 23x x y c- = 

v)  
2 2dy

x y x a
dx
= + + 

ans  

2

23
x

yy c e= Ö  

vi)  ( )
dy

x y x y
dx

+ Ö = - 

ans 2 22y xy x c- - + = 

 

7.4.4 Exact Differential Equation 

 

Definition: - 

The equation Mdx+Ndy=0 is said to be an exact differential equation if 

and only it.  

Mdx+ Ndy=du 

Where u is some function of x and y 

e.g. xdy+ydx=0 is exact 

    u=xy 

Where  

xdy+ydy = du 
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Necessary and sufficient condition :- 

The necessary and sufficient condition that the equation Mdx+Ndy=0 is 

exact is. 

    
M N

y x

µ µ

µ µ
=  

Rules for the General solution:- 

If the equation Mdx+Ndy=0 is exact then its general solution is given by  

   

Where  

(1)  In first integral with respect to x, treat y as constant  

(ii)  In second integral do not take the terms containing x i.e. take only 

those terms of N which are free from x. If no such term is available then 

second integrals may not be considered.  

(iii)  c is arbitrary constant of Integration. 

 

Solved Examples:- 

Example15: Solve  

Solution: The given equation is: 

  

  

   

   

   

   

   

 

   

   

   

Hence differential equation (1) is exact  

Its solution is given by 

   


